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XIII. On a Type of Spherical Harmonics of Unrestricted Degree, Order, 

and Argument. 
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Introduction. 


The ordinary system of Spherical Harmonics or Laplace's functions is obtained 
from Laplace’s equation 


V 3 V = 


0 2 V ^ 
0a; 2 


0 2 V 0 2 V 

dif + dz* ~ °’ 


by choosing special values of V which satisfy this differential equation, and are of the 
forms 

r n C0S m( L _ u m ( \ or r -n-l C0S m( L _ u »t / ) 

sm v ' srn r ' 


where n and m are real positive integers, x, y, z being expressed in terms of r, y, c/> 
by means of the relations 

x = r (1 — p, 3 )* cos 4 >, y = r (1 — p 3 ) 1 sin <f>, z — ry ; 

the function (p,) is a particular integral of a certain ordinary linear differential 
equation of the second, order, and is known as Legendre’s associated function of 
degree n and order m ; these solutions, in which y is restricted to be real and to lie 
between the values ± 1, and in which m is restricted to be less than or equal to n, 
are the solutions of Laplace’s equation which are required in the very important 
class of potential problems in which the boundary of the space considered consists of 
either one or two complete spheres, or of surfaces which differ only slightly from 
spheres. 

It appears, however, that the functions m<f> . u,r (y) are required for the solution 

of certain potential problems in which the boundaries are of forms other than 
complete spheres, and in some of these cases the values of n, m, and y are not 
subject to the restrictions which hold in the case of the primary potential problems 
in which the boundaries are complete spheres. In the case in which the boundary 
is a spheroid or two confocal spheroids, the functions u n m (y) of both kinds are 
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required, in which, although n and m are still real integers, p may have values 
which are real and g’reater than unity. The functions for which n is fractional or 
complex are required for the solution of potential problems in which the boundary 
consists of coaxal circular cones and of spheres with the centre at the vertex of the 
cones. For potential problems connected with the anchor-ring functions are required 
for which n is half an odd integer, and p is greater than unity. For the space 
bounded by two spherical bowls with a common rim, solutions in which n is complex 
of the form — ^ + pi, and /x is greater than unity, have been applied. Solutions 
in which m is not an integer are sometimes of use, for example, in the potential 
problem for the portion of an anchor-ring cut off by two planes through the axis of 
the ring, which are inclined to one another at an angle not a sub-multiple of two 
right angles. 

The expressions 

„COS , / \ i cos . / x 

r n . md). u n m (p), r n 1 . m4> • u n m (p), 

sm T Vl ' sm r vr/ 

in which u n m (p) represents any particular integral of the differential equation which 
it satisfies, and in which the degree n, the order m, and the argument p may have 
any real or complex values, are a special type of Spherical Harmonics in the extended 
sense of the term, which applies to ail solutions of Laplace’s equation ; the investi¬ 
gation of their forms reduces to that of two particular integrals, here denoted by 
P»” (, p ), Q n m (p), of the differential equation which u” (u) satisfies. The forms and 
properties of the functions required for various potential problems have been investi¬ 
gated by various writers, the investigations resting usually on a more or less inde¬ 
pendent basis; thus, for example, we possess separate theories of Toroidal functions, 
Conal functions, &c. It is obviously desirable that all these special functions should 
be treated as parts of a general theory ; thus an investigation of the forms and 
properties of the two functions P,/* (p), Q,“ (p) for unrestricted values of n, m, p is 
required for the consolidation of the various special results which have been obtained 
in connection with special potential problems. To do this by means of the modern 
methods applicable to linear differential equations is the object of the present memoir. 

In the standard treatise of Heine, the forms and properties of the functions P«* ( p ), 
Q„“ (p) are investigated for complex values of p, the degree n and the order m being 
primarily real and integral; various extensions are made to cases in which n is not 
so restricted, but in defa/ult of a general definition of the functions for unrestricted 
values of n and to, these extensions are fragmentary, incomplete, and in some cases 
erroneous. Many of the series which satisfy the differential equation for unrestricted 
values of the degree and order have been given by Thomson and Ta.it, * and a general 
treatment of the series has been given by Olbricht,! who obtains seventy-two hyper- 

# See ‘ Natural Philosophy,’ vol. 1, Pai*t I., Appendix B. 

f See Olbricht, 4 Studien iiber die Kugel- und Cylinder-functionen,’ Halle, 1887. 
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geometric functions which satisfy the differential equation, at least half of which are 
convergent at any given point of the /x-plane. 

In order that the relations between the various particular integrals in the form of 
series may be exhibited, it appears to be most convenient to start from integral 
expressions which satisfy the differential equation; this is the course adopted in the 
present memoir. A definition of the two functions P„“ (/x), Q,/“ (/x) by means of 
integrals taken along complex paths, which shall he valid for unrestricted values of 
the degree and order, has been rendered possible by the introduction independently 
by Jordan' 5 ' and PocHHAMMERt of the use of integrals with double circuits ; the use 
of such integrals has the great advantage over the employment of integrals taken 
between limits, that the constants have to satisfy no convergency conditions, and 
thus that the functions may be defined by means of expressions which have a definite 
meaning for all values of the constants. 

In the special case m = 0, the zonal functions P„ (/x), Q„ (/x) can be completely 
defined by means of integrals with single circuits ; this has been done by Schlaelt,J 
who bases his theory of the series which represent these functions upon such 
definitions. 

In the first part of the present memoir the two functions IV® (p), Q« m (p.) are 
defined by means of integrals in such a manner that the functions are uniform over 
the whole p-plane, which, however, has a cross-cut extending along the real axis 
from the point p, = 1 to p, = — oo ; these definitions are so chosen that in the 
ordinary case of real integral values of n and m, the functions coincide with the well- 
known functions used in ordinary Spherical Harmonic Analysis; from these defini¬ 
tions various series are obtained which represent the functions in various domains of 
the p-plane. Special conventions are made as to the meaning to be attached to the 
functions at points in the cross-cut. Various other integral expressions are obtained 
which would serve as alternative definitions of the functions. It is shown that all 
the known definite integral expressions for the functions in restricted cases due to 
Laplace, Dirichlet, Heine, and Mehler are special cases of the more general 
formulae. In the latter part of the memoir various definite integral formulae are 
deduced for cases in which the degree and order are subject to special restrictions. 
In conclusion, the forms of the functions required for the potential problems connected 
with the ring, the cone, and the bowl are deduced from the general formulae ; in 
particular, convergent series are obtained for the tesseral toroidal functions. 

As much confusion is caused by the variety of notation used by different writers, 
it is convenient to state here for purposes of comparison the relations between the 
symbols used in the most important works on the subject; for this purpose the 

# See ‘ Cours d’Analyse/ vol. 3. 

f See various papers in volumes 35 and 36 of the ‘ Mathematische Annalen.’ 

J See a tract “Ueber die beiden Heine’schen Kugelfunctionen.” Bern, 1881. 
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ordinary case of integral values of n and m is the only one which has to be 
considered. 

Heine uses the symbols P m (n) (jx), (/x), QJ n) (/x), B,» (w) (/x), which are connected 

with the symbols P, “ (/x), Q n m (jx) used in this memoir by the relations 


P•«(/*) = P_* W (/r) = (/x 3 - 1 )“*“ (/x) 


1.2.3 ... n — m 
L . 3 . . . 2 n - 1 


P."(aO 


Q« (B) (/r) = Q_» (w) (^) = (/X 2 - l)~ i “O tt <B) (/x) = (- 1)* i' 2 T3;; 2 ^ + m 0 4 ) 1 


Thomson and Ta it use the symbols (/x), S- n M (/x), which are connected with 
Heine’s P ot (b) (/x) by the relations 

(- i) ta p» w (/x)=@» < w> (m) - 

Ferrers uses T/*(jii) for what is denoted here by (— l^P „ m ([x), except in the 
case of a real /x lying between ± 1, in which case T„" (/x) and P„“ ( jx ) are identical. 

The Gaussian function II (x), which is equivalent to T(x + 1), is used throughout 
the memoir. 


Definition of the functions P u m (y), Q„“(/x) by means of definite integrals. 


1. If, in the differential equation 




i V = 0. . 


which is satisfied by Legendre’s associated functions, we substitute V = (/x 3 — l) Jm W, 
then W satisfies the differential equation 

r n\\T j\\t 

(1 — — 2 (m + 1) [x — + (n — m) (n + m + 1) W = 0 . . (2). 


If, in the expression on the left-hand side of (2), we substitute 


we find 


| {f — 1 ) n (t — ix)- n - m ~ l dt, 


(ffi d i r 

(1 — jx 2 ) —• 2 (m + 1) [x — + (n — m) (n -j- m + 1) jj(£ 2 — 1)" (t — /x)~ M_ “ _1 dt 

— — (n + to + l)jJ-{(£ 2 — l) ,i + 1 (£ — fx)~ n ~ m ~ z } dt. 
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It appears thus that the differential equation (2), is satisfied by 

W = j(£ 3 — 1 Y(t — 1 dt, 

for unrestricted values of n and m, provided the integral is taken along a closed 
path, i.e., one such that the integrand (t 2 ■— 1 ) n (t — yu attains the same value 
when the path has been completely described, as that with which it commenced. 
The integrand has, in general, the four singular points t — -{- 1 , t — — 1 , t = /x, 
t — oo , and we shall see that it is possible to choose two distinct closed paths, 
defined with reference to these singular points, which will represent the values of W 
required for the two Legendre’s associated functions. 



If the variable t, starting from a point C, describes a path in which a positive 
(counter-clockwise) turn is made round the point p,, then a positive turn round the 
point 1, then a negative turn round [x, and lastly a negative turn round 1, such a path 
will be closed, i.e., the integrand (t z — 1 ) n (t — fx )~ n ~ m ~ 1 will have the same value 
at C at the beginning and at the end of the path. In the first figure the path will 
be (Ca/3C, CySC, C/3aC, CSyC); in the second figure it will be (CD, DabD, DC, 
CfgC, CD, DfraD, DC, CgfC). In Pochhammer’s notation, the value of Y will be 


l)“ m | 


(fl +y 1 +, [A - 


which will satisfy the equation (1); it is necessary to specify precisely the values of 
the multiple valued functions in the integral, in order that the integral may have a 
definite value. 

First, to define the meaning of (p, 3 — l) im , let /a — 1 = re 10 , /x +1 = r'e l9 ', and 
suppose fx to have moved from a point in the real axis for which yx > 1, along any path 
up to its actiral position ; we shall suppose that 6 — 0, 6' — 0, when /x is in the real 
axis and greater than unity, the value of (ji 2 — 1)at any point will then be 

(rr') 4m |cos - (0 + O') + i sin -- (0 -f O') j, where 0, 6' are the angles the lines joining 

(jl and 1, fx and — 1 make with the real axis; 0 and 0 must be restricted each to lie 
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between ' n '> in order that a single value may be assigned to (p 2 — 1)*™ ; by (rr')“ m is 
denoted e^ mlos(,T,) where log (rr) has its real value; the value of (p 2 — l)“ TO has thus 
been uniquely specified for all values of p, except those which are real and lie 
between + 1 and — 00 • Next, in (f — i) n = (t — l)” (t + l) w , we shall suppose the 
phase of t —• 1 to commence with the value cf> at C, where <j> is the angle (between rb tt) 
the line joining C to + 1 makes with the positive direction of the real axis ; the phase 
of t + 1 at C we shall suppose to be <£', where <f>' is the angle (between ± ft) the line 
joining C to — 1 makes with the positive direction of the real axis; if at C, 
t — 1 = ke^, t + 1 = &V*', the value of (f — l) n will be e nloe(m . + where 

log (kk') has its real positive value ; after the positive turn round 1, (t 2 — 1)"' will have 
become (fak*) ^?tt(27r + $ + $0 

The phase of t — p we shall choose to be such that it is zero when t passes through 
that point of the path for which t — p is a positive real quantity, thus the initial 
value of t — p at C is pe^ {w ~ 4 ‘ )l , where xj/ is the angle (between n) which the line Op, 
makes with the positive direction of the real axis, hence (t — p)~ < - n+m+l) changes from 
/0 - ( »+»+D e( »-+ )( «+»+i). to /0 -(*+«+i) e -(*+»+i ) (r++)» } in going from q roun( j the point p to 0 
again, denoting e -(B+m+1)Iogel> , where log,, p has its real positive value. 

3. Let us now consider the value of 


C n m (/X 2 - 



+ , 1 + 1-) 

G 


1 

2 n 


—AT.— (ii 

(t - p) »+» +i 


( 3 ), 


with the specifications of the phases just given, in the case in which p is such that 
mod. i|(l — /x) < 1. We shall make the substitution t — 1 ■— (p — 1) u ; it will be 
convenient to place the path so that C is on the straight line joining 1 and p, so that 
u has a real value less than unity when t is represented by the point C. 

The integral becomes 

f (l + ,0+,l-,0-) 

C' 

where C' is the point corresponding to C. 


(n — 1 Y m U n (u — Ij-n-m - 1 ^ 


1 + 




u ) clu 



In this integral the initial phase of u at O' is zero, that of u — 1 is — tt, and 
( 1 + —^— u ) ^ as va l ue given by the Binomial expansion. 

On performing the expansion, we obtain 


> + l'V* | 


n (n) 


jjb — 1/ o H a (r) II (n — r) \ 2 




j )t; 


(l + ,0 + , l.~, 0~) 


ir 


(u - I) 


du. 



OF UNRESTRICTED DEGREE, ORDER, AND ARGUMENT. 


449 


The expression 


e 


f (l + ,0+, 1-, 0-) 

u"" 1 (i — u) b ~ 1 du 

C r 


has been denoted by Pociihammer by € (ct, b ); it has the advantage over the 
Eulerian integral j u a ~ l (1 — u) h ~ l du of having a definite finite value for all values of 

a and b. In £ (ct, b), the quantity 1 — u has the phase 0 initially at C', so that 
u — 1 — (1 — u) e~ m . The principal properties of € (a, b) are the following:— 


(1)' €(«,&) = € {b, ct), 

(2/ e (a+ r, b) = (- iy 


a (a + 1) . . . (a + r — 1) 

(a -f- 6) (a + & + 1) . . . {ct + b + r — 1) 


€ (ct, b), 


£ («■- = <- («.»)• 


(3)' £ (a, b) = — 4 sin air sin bir. E (ct, b) 
when the real parts of a, b are positive, E (ct, b) denoting the Eulerian integral 


which is equal to 


f u a ~ l (1 — u) h ~ x du, 
jo 

n (a -l) n (& -1) 

U(a + b-l) ' 


By means of (2) this theorem can be extended to the case in which the real parts 
of ct, & are not necessarily positive, 

(4)' £ (ct, b) = £ (1 — a — b, b) — £ (ct, 1 — a — b). 

We have 

r(l+, 0+, I—,0—) 

j u n+r (u — du 

r( l+,0+, 1—,0-) 


hence, since 


_ e (»+m + })m | U n+r (L — U)~ n ~ m ~ l du 

— g(<.+f)« 6 (n -I- r + 1 , — n — m), 


€ ( n + r + 1, - n - m) = ( - l) r + + + ^ € ( w + 1 n _ , m ) 

1 x y (1 — m) (2 — m). . . {r — m) v 


the expression (3) becomes 

MDCCCXCVL—A, 


3 M 
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c„ m e nm € (n + 1, — n —to) 


+ n (n+r) 


fi — 1/ n (r) n (ix — r) (1 — m)... (r — m) \ 2 


>- l\ r 


or 


c n M e nm € (n + 1, — n — in) ^ F / — n, n -j- l, 1 — to, — 


where F is used with the ordinary notation, for the hyper-geometric series. 

In virtue of the property (4)', we have € (n + 1, — n — to) = € (n + 1, to); and 
from (3)' we have 

_/ , , \ „ • • n (n) II (m — 1) 

€ (n 4- 1, to) = 4 sin mr sm TO7r , —-- ; 

' ' H (71 + 771 ) 

hence, whatever n and to may be, the expression (3) becomes 


. . f a + 1 n (%) n (m — i) , 

e W7rt . 4 sm mr sm m7r -- —=r-—— t— F — n + 1, 1 — m, 

\/a — 1/ II (% + ' 


1 — (.i 


4. In the case to = 0, we have, since n (— to) II (to — 1) = 7r cosec rmr, 


f0*+» l+» 1-) 


(if 2 — l)* 1 (4 — jjL)~ n ~ l dt = c» 0 ^r o 4 tt sin mr.F ( — n + 1, 1, 


1- 




when mod. ^ (1 — //,)<!; in accordance with usage we take the Legendre's function 
P w (/a) of the first kind to be given by P, ? (/x) = F n + 1, 1 — — - 'j, hence, if we 

g—nm 

choose c„° equal to —t -, we have 

1 47r sm mr 


p » in) — 


g—nm 

47r sin %7r 


f 


(M< + J l'+, 1-1 


1 

2 n 


(f — 1)" (« — ju,)-* -1 dt. 


The integral on the right-hand side defines P n (/x) over the whole plane, the 
function represented in the domain of the point 1 by the series, being analytically 
continued over the whole plane. 

In order to obtain a definition of P n m (/a), we shall first consider the case when to is 
a real positive integer, and shall then define P„ m (/x) for general values of to in such 
a way that the definition agrees with the usual definition for the special case in 
which to is a real integer. 

When to is a positive integer, we may define P u m (/x) by means of the formula 
P„ m (jx) = (/x 3 — lf m - 3 thus in this case 

CtfJ/ 


Pn m (/*) = 


II (n + m) 


47t sin nrr IT (n) 


(/x 3 — l) im J 


([i +, I +, !* —, 1 ~) 


JL 

<2 77, 


(* 8 . - i Y (t - /*)■ 


- 1 dt 
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so that in this case c n m = 


II (n + m) 


We shall choose this value of c.. m for 


47r sin m r II (n) 

all values of n and m, thus obtaining a definition of the function P,“ (/x) for all values 
of n and m real or complex ; P«“ (/x) is accordingly defined by the expression 


P „“(/*) = 


1 n (w + m) 


47t sin ^7r II (n) 


0» 9 - i) k " f 


0* +»!+»/* —» 1 —>) 


(«*—!)“(«—(4) 


for unrestricted values of ft and m, the phases of the expressions in the integrand 
being assigned as in Art 2. In order that this function P«“ (/x) may be a single-valued 
function of /x we must suppose that a cross-cut is made along the real axis from the 
point 1 to — oo , so that the phases of jx — 1, /x + 1 in (jx 3 — l) im are restricted to lie 
between ± tt, the function is then, when we take into account the remarks which 
we have to make in the next article, a single-valued function over the whole plane so 
cut, the values at points indefinitely close to one another on opposite sides of the 
cross-cut being in general different. It should be observed that the integrand in the 
integral for a given value of /x varies continuously in crossing the cross-cut which has 
no reference to the variable t , but applies to /x only. 

When /x in such that mod. (1 — /x) < 2, we have 


PA(/x) 


sm mrr 


7r 


n (m — l) 


/x +1 

/* — i 


F 


n, ft + 1,1 



_ i / > + i y» F 
n ( - m) \/x - 1/ 


— %, n + 1, 1 



(5). 


The formula (5) represents the function P„“ (jx) over that part of the plane which is 
contained within a circle of radius 2 with its centre at the point /x = 1 ; this function 
can be analytically continued over the whole plane and (with the cross-cut) the 
function so continued is uniform, and is given by the definite integral formula (4) 
which affords a general definition of the function. 

When m is an integer positive or negative, the expression (4) can be simplified ; in 
this case the integrand returns to its initial value after a positive turn round each of 
the points /x and 1, denoting the parts of the integral taken round Ca/3C, CySC 
(fig. 1, Art. 2) by P and Q respectively, the complete integral is 


or 


P + Q - Pe 2nn — Qe (n + nt + 1>2m , 


(1 - e 2nm ) (P + Q); 


now P + Q is the integral taken along a curve which encloses both the points 
/x and + 1, and is described positively, hence, in the case in which m is an integer, 
the formula (4) becomes 


3 M 2 
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P«“ (/x) = 


1 II Q + m) - 1)* ” r^+O +) 

27r£ II {n) 2 n J 


- 1)» (« - /x)- 


i — m — 1 


cfe 


( 6 ). 


When ?n — 0 we have 

p - w=ir‘-i ( <s - !)■ (< - rf— 1 * 


(?) 


which agrees with the definition given bj Schlafli. 

The only case of failure of the formulae (4) and (6) is that in which n + m is a 
negative integer; in that case II (n + m) is infinite and the integral is zero, and 
the product can be evaluated by the rule for undetermined forms 0 X <»; we have 


II {n + m) — 


cosec (m + n) nr 

II (— m — n — 1) 


and the limiting value of 


- _f 

+ n) 7r J 


(ix +, 1 +, fx —, 1 -) 


IS 


sin (m + n) 
1 


(t 3 — 1 ) n (t — dt 


(iUr +, 1 +, fX — , 1 “) 


7 T COS (m + n) 7T , 


(« 8 - !)*(< fx)- 11 -" 1 - 1 log, (« — p.) dt, 


thus 


P« W (/x) = 


47r sin nir 




2 B 7r cos (m+n) nr Tl(n) Tl(—?n—n — l) 


If in (5) we change n into — n — 1, the hypergeometric series is unaltered, thus 
within the circle of convergence P/* (p,) is equal to P_„_ 1 '" ,: (/x) ; it follows that 
the same relation holds over the whole plane; we accordingly obtain another 
expression for P/‘ (/x) by changing n into — n — 1 in the formula (4), we thus have 


P » m (jx) = P-»_i ,b (h) 


g~ K,ri 2 «+i H (to - n - 1 ) 
47rsin 717T ’ II (— ?i — 1) 


4-7r sin (%—m)' 


,2, + i_IM 


(^ 3 - if- f 

(Ijf-l _]\i*» f 

n (n-myp ’ J 


'(jx + i x + , fX—, 1~) 


(fd — 1)- B-1 (« — dt, 


({X+, 1+, (X -, 1-) 


(it 3 — {t—jxf-r* dt (8). 


The formula (8) will serve equally with (4), as a definition of P„ w (y) ; it does not 
appear to be easy to prove directly their equivalence. 
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As regards the formula (5), 


P.-0*) = 


1 

n ( — m) 


'/a + l\ta 


F 


n, w + 1,1-— to, 



we may remark that 


(a) When » is a real integer and to is not so, the series is finite, and therefore 
P w ® (/a) is an algebraical function. 

(J3) When w is a real positive integer and n is not so, the formula may 
be written 


fVO*) 


1 D. (n + m) 1 r 3 
2 wi IT (n — m) II (m) ^ 


1)*“ F 


— n 9 n + m + i, TO + 1, 



(y) When ft and to are both positive real integers, and n > to, it falls under 
case (j8), the series being however finite since the first element m — n of 
the hypergeometric series is a negative integer, thus P,“ (/x) is an 
algebraical function. 

(8) When ft and to are both positive integers, and ft < to, case (/3) shows 
that P/ ! (/a) is zero; in order to obtain an integral of the differential 
equation we must take II (ft — to) P,“ (/a) which is finite. 


5. 




In defining the function P/‘ (/a) by means of a definite integral taken round a 
closed path, in which turns are made round the points /a and 1, but none round the 
point — 1, it is necessary to specify the position of the path with reference to the 
point — 1. The figures (a) and (b) represent two distinct paths for the same value 
of /a, but the integrals obtained from them will be, in general, different in value, as 
one path cannot be brought by continuous deformation into coincidence with the 
other without crossing the point — 1, which is a singular point for the integrand. 
We shall consequently specify that the path by means of which P,® (p.) is defined in 
(4), is one which does not cut the real axis between — 1 and — co, or is, at all 
events, a path which can by continuous deformation be brought, without crossing the 
point — 1, into a path which does not cut the real axis between — 1 and — °o. 

6. Another closed path for the integrand ( t 3 — !)"(£ — 1 is that in which 
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a positive turn round the point — 1 is followed by a negative turn round the point 

+ 1. 




Consider thus the expression 


fn n ()X 2 — 


l)l»J 


(-1 + , 1 -) 


1 

2 n 


(t 2 — 1 ) n (t — dt, 


taken along the path as in either of the figures. The phase of t — [x wall be 
measured as before; those of t — 1, t + 1, we shall take to be such that they vanish 
at the instant when t passes in the integration through the point A of the real axis, 
for which t — 1 ., t + 1 are both real and positive; thus, in the second figure, the 
initial phrases of t — 1, t + 1 at C are tt and — 2tt respectively. 

Let t — [jl = (fx — t) e~ l7r , then the phases of [x — t are such that at the point E, 
where the line joining jx and 1 cuts the path, the phase of /x — t is the angle 
(between ± tt) the line makes with the positive direction of the real axis; the 
expression becomes 


fr (/A - i) im f 


(-!+,+!-) 1 
2» 


e 


(n + m + 1 ) m ^2 


1 )* ([X — *»- ] dt. 


Suppose now that mod. /x > 1, the path of integration can then always be so 
placed that mod. t is everywhere less than mod. (i ; expanding by the binomial 
theorem, the expression becomes 


f,r ( p - 3 - i) im . 



(n + m + 1 ) nr 



!+,+!-) 


II (n + m + r ) 1 

IT (n + m) IT (r) /*“+»+!+»■ 


(t 2 — 1 ) n t r dt. 


(•(-1,1-) 

To evaluate ( t 2 1) M V dt, we may place the path so that the two loops 

are exactly equal, C being half-way between the points 1 and — 1; it is thus seen 
that the integral vanishes when r is odd, and that when r is even and equal to 2s it 
is equal to 

r(+i+) , 

— 2 ( t 3 — 1)” t 2s dt ; 

Jo 

making the substitution t' — t 2 , we see that t' — I, or (t — 1) (t + 1) is such that its 
phase increases from — tt to tt during the integration, we thus have 
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f(+ 1 -h) 

It' — l) n t' s ~ l dt, 
Jo 


which can easily be shown to be equal to 2i sin mr 


n(7i)n(g-|) 

n (n + s + I) 


The expression with which we commenced is now reduced to the form 


fm A 21 sin mr e (n+m+iu " (u? — 1 ) im ? n n ( n ) n (s _ J ) ___j - 

j n . 2 , . M fain mr.e U* i) ^z n (n + ^ n ( 2s ) n ^ + s + x) 

which is 

f n m -\ n - 2t sin mr . e (n+m+1)m (p, 3 — 1)*“ 

1 fn + vi , - n + m + 1 „1\ 

• F I'— + —T—‘ n + 1 v> 


When w is a positive integer, we have in accordance with the usual definition ol 
ty* (P')) 

n (,,) _—. 11 (— i) II («) _J_ -p fjL i i ?h±J: n _|_ s JL\ . 

SM/A) — 2 *+i n(» + i) /a » +1 ' W \2 ^ A * 2 ’ +2 ’^/’ 


hence, in this case, if we take 


g— ('/?, +l)l7T 

Sill 717 T 


we have 


/,-(^+i)t7r r(—1+, 1—) 1 

«-w = i7*r^l 


Defining Q n m (p) when m is a positive integer, by means of the equation.. 


we have 


q,-W = (F-i)‘*^Q.W, 


«** o*)=(F - »)* pp P 1_> i {t ° - ir (( - lir ’~ m ~ 1 *■ 


we should consequently, when m and n are positive integers, choose f„ m equal to 

e- (n+1),r n (n + m) 

4tsin^7r II (n) 

We shall now assign this value to f n m , whatever to and n are ; we thus obtain the 
formula 


Q» M (p 


- e ) - . 11 P + P (yx 2 — 1)5“ [ ( l + ’’ 5 P (£2 — 1)» (« — yx)-" - * -1 cfc (9), 
4^ sin mr IX (n) ^ ' J 2^ ' ^ ' 
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which, we shall take as the definition of the function Q/ 1 (p.) for unrestricted values of 
m and n. 

When mod. (p) > 1, Q,® (/x) is represented by the expression 


Q„ m (fj) 


d n(» + TO)rt(-^) / s_ 1 \ta 1 ™ ( n + m + 2 n + m +1 _3_ J-\ 

2 B+1 n(» + i) ' p » + "‘ +1 \ 2 ’ 2 5 " 1 " 2 ’ fi) 


( 10 ), 


The uniform function obtained by continuing the function in (10) over the whole 
plane, with the exception of the cross-cut along the real axis from + 1 to — co, is 
represented by the expression in (9). 

When n is such that the real part of n + 1 is positive, the definition (9) can be 
simplified, the integral being then reducible to one along a line joining the points ± 1. 
The path may be as in the figure ; then, since the integrals along the loops round the 
points 1 and — 1 become indefinitely small when the loops are made indefinitely small, 

we have 


-—W) 

-7 4/ 

( 1+ ’ 1 3 {f — l) n (t — p,)-" - ®-' 1 dt = (e nm - e~ n ” 1 ) f 1 (1 — t 2 )' 1 (t — j a)-»-®- 1 dt 

a J — 1 

= 2t sin nrr f (1 — t 2 ) n (t — dt ; 

J —I 


hence, when n + 1 has its real part positive, we may substitute for (9) the definition 



g -(»+l)ur n (ft + ffl) 

2 n (») 

e OTlir II (n 4 m) . 

2 m+i n (») ^ 


(h 3 - 1)*" f_ t ^ (1 - V) n (t - il)-— 

1)’® j 1 (1 — f 2 )* (p — i{)-»-»-! dh . 


- 1 7* 

. . ( 11 ). 


The integral may be taken along the real axis, (1 — t 2 ) n denoting e“ Iog where 
the logarithm has its real value. 

It will be observed that when n is a positive integer, the form (9) is undetermined 
(co X 0); we can, however, in this case use the formula (11). When n is a negative 
integer, the value of Q„ m (/x), as given by (9 ), is in general finite, since 


sin mt . H (n) — 


nr 

n (- n ^ 1 ) ’ 


if, however, n + m is also a negative integer, or if m is zero, the value of Q„* (/x) is 
infinite, so that the factor II (n + m ) must be rejected if we wish to obtain a finite 
solution of the differential equation. 
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Proof of a relation between Q„ m (/x) and Q.~ m (jx). 


7. If we apply to the formula (10) the known theorem 


F («, A y, x) = (1 — xf a - $ F (y — a,y — ft, y, x) 
we have when mod /x > 1, 


a — n (” + m ) n (~ ¥) (, _ , v 
v® 0o — 2 »+i n(» + i) ^ 




1 ^ (n — m + 2 7i — m + 1 


n—m +1 


n + 1 ) 



The expression for Q„“ m (/x) is obtained by writing — m for m, in the formula (10); 
we have thus the relation 

g-mrr fa ) _ Q,-”(/*) . . 

H(n + m) II (n — m).• • • ( ) 

which must hold over the whole plane ; it is obvious that Q n ~ m (f) satisfies the diffe¬ 
rential equation (l), as that equation is unaltered by changing the sign of m. The 
result in (12) may also be obtained by transforming the integral in (9) by means of 
the transformation (t — f) (t' — f) — f 2 — 1 , which is equivalent to an inversion with 
respect to the point [i. On making the substitution, we find 


(/x 3 — l) im j ( 1+ ’ 1 } (t* — 1)'* (t — dt 

p(i+, -i-) 

= — ([P — l)-»" | (f 2 — l) ?i {f — jxY n+ '" 1 - 1 dt'. 

Corresponding to the phase — tt of t 2 — 1, the phase of t' 2 — 1 is n; also to the 
phase — 7r of t — /x, in the case in which /x is real and greater than unity, the phase 
of t' — fx is 77 , hence, in order that in the integral on the right-hand side the phases 
may be measured in the same way as on the left-hand side, the factor 
or e 2mn , must be introduced ; we thus obtain 


(f — l) 4m j 


(—7 + 5 1—) 


(f — 1)» (t — ix)-'' 1 -"*- 1 dt 
f(-i+, J-) 


= (/X 3 — i)-i m e 2Mn f ( ’ (if 3 — 1)* (t' — n)~ nJrm ~ l dt', 

and thus the result (12) is proved. 


Expression for Q„ m (/x) when mod (/x + 1) and mod (/x — 1) are less than 2. 

8. It will be necessary to obtain an expression for the integral 
MDCCCXCVI.—A. 3 N 
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(/A 3 — 1) 4 “ 


(ft+. -1'+.*-, -1-) 1 

9» 


(«*■— !)»(« — /*)- 


C&f, 


analogous to the corresponding integral round the singular points ju., 1, obtained in 
Art. 3. To define the phases of the integrand we shall distinguish the cases in which 
the imaginary part of /a is positive, and is negative. 



We suppose /a to move from a point in the real axis for which its value is greater 
than unity, up to its actual position, the path of integration being drawn as in the 
figures ; it will he observed that as /a moves from a position on the positive side of the 
real axis to one on the negative side, the path cannot be displaced from its first 
position to the second one without crossing the singular point + 1, it is therefore 
necessary to distinguish the two cases. 

In the first figure the phase of t — 1 at A is + 7r, and in the second figure it is — n, 
in both cases the phase of £ + 1 at A is zero, and that of t — p. is measured as before. 

Put i fi- 1 — (/a + L) u, the expression then becomes 





u — 



(u — 





du, 


now we put 


or, 


/A + 1 


u 



/A + 1 \ 

2 U ) 




u 


according as the imaginary part of /a is positive or negative, in both cases the phase of 

/a + 1 
2 

by the expansion by the Binomial Theorem. 

We have for the integral 


1 — u is zero at A, and then (l 
^ v 


will have that value which is given 


a _ l\i» ± nm r(l +i 0 +, 1 —, 0 —) / u I 1 

ihn e 1 1 


*“ n — m — 1 

(a ~~ l) du, 


the upper or lower sign being taken in e ±nn , according as /a is above or below the real 
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axis. When mod. (p. + 1) < 2, this expression can be evaluated exactly as in Art. 3, 
the result being obtained by writing — p, for p, ; we thus find at once 


(p 2 — lf m | 


(fx +, — 1 +, fx —, — 1 —) 1 — n — m — 1 

- if- lY(t-fx) Clt 




tylTTl 


4 sin rnr sin mi t 


n (n)IL(m - 1) fn-l 

II(« + m) \ it +1 


F 


iii l + ft 

n, n + 1, 1 - m, — 


• (13) 


when (i is above the real axis, the exponential factor being omitted when ft is below 
the real axis. 


9. 




Let L, M, N denote the values of the integral j(£ 2 — l) n (/; — p) " “ 1 clt taken 

along loops from 0 round the three points — 1, 1, p, respectively, in the positive 
directions, the phases at C being as follows : 


of t — 1, tt in the first figure, and — tt in the second, 
of t + 1, zero, 

of t — ft, — (tt — (p ), where <p is the (positive or negative) angle the line joining 
C to p. makes with the positive direction of the real axis. We have at once 


( 0*+, ! + i 1-) 

(c 

C 

f({X+, -]+, (X-y *-!-) 


— If it — it)- n - m ~ l dt = N + Me~ 2,r(m+,l+1) ‘ —Ne 2 ™ 1 — M, 
f — l)'' 1 (t — dt — N + Le _2,r(m+ ” +1) ‘ — Ne 2 ” u — L, 


the phases in the integrands being measured as just stated. 

To express j(r 1+ ’ 1_> (^ 2 — 1 ) n (t — dt, in which, as in Art. 6, the phase of 

t — 1 at C is -J- 7r, and that of t + 1 is — 2 tt, we have for the value of the integral 

Le~ 2nm — Me -2 ''" 1 , or L — M 


according as p, is above or below the real axis. 
It follows that 
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or 


(-1 + A-) 


(ft — 1 ) n (t — [i)- n m 1 dt 

0 — 2/i.rrt f + , 1+j/A—, 1 —) 


^ _ 0—2ir m + 


;*{£. 

[([X + , -1 + , /A~, -1 ~) "I 

— j (ft — l) i! (t — n)- n - m - l dt J, 


] _ X the same expression.(14), 


according as /x is above or below the real axis, 

10. The relation (14) enables us to find the expression for Q,™ (/x) in series, for 
values of /x which are such that mod. (1 + ft) and mod. (l — p.) < 2. Using the 
formulae (5), (9), (13), we find at once 


Q »-(|*) 


ttu 


2 sin (m + n) tt II ( 


——r- e Tnirt F ( — n, n + 1, 1 — m, 

- m) \fi - 1J 


ft 


fJU - 1-T* / I -I 1 i/t 

F f - n, n + 1, 1 - m , 


(15), 


the upper or the lower sign being taken in e Til7rt , according as the imaginary part of [jl 
is positive or negative. 

When rn is zero, we have 

Q" « = 2 F (-»,»+ I, l, ^) - F (-«.»+ 1, 1, (16). 


The pax'ticular case (16) agrees, when /x is above the real axis, with the result 
obtained by Schlafli. 

If we use the relation (12) between Q n m (/x) and Q n “ m (/x), we can write (15) in 
the form 


Q 


7 re"' 


II (n + m) 


2sin(% — on)ir II (n — m) II(m) 


F 


1—/X 

W+l, 1+Wl,— 




+ 1, l+m, 


1 + 


(17). 


When n + m is a positive integer, the expression (10) shows that Q,* m (/x) has in 
general a finite value, hence we see from (15), that in this case 


ft 4* i-Y^T? / iii 

' J — n 9 n + 1, 1 




- 1 


m, 


ft 


(ft - FfV 

UttJ f 


», m + 1, 1 — m, 1^) ; 
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this result is proved by Heine* for the special case in which n and on are both 
integers. We see, therefore, that when n + m is a positive integer, the formula (15) 
is undetermined, the formula (17) must in that case be used. 

When n — on is a positive integer we must use (15), since (17) become in this case 
undetermined. When n + on is a negative integer, Q„ m (/x) is infinite, but we can 
take Q,“ (/a) sin (n + m) n as a finite solution of the differential equation. 

When n and on are both real integers, and on is positive and > n, the form (17) is 
finite, but if on = oi both the forms (15), (17) are undetermined, and must be modified 
by applying the rule for the determination of undetermined forms 0/0. 

The functions P„ m (p,), Q„ m (f) are defined by Olbricht for the general case, by 
means of equations, in our notation, 

P„ m (/x) = constant -yj F [—n,n + 1,1 -f- on, 

Q/ ! (n) = constant qj F n, n + 1, 1 + on, , 

this definition of Q„ m (/x) is, however, not consistent with the usual definition as in (10), 
in the fonn of a hypergeometric series whose fourth element is 


Relation between the functions Q n m , P„ m . 


11. In the formula (15), write — n 1 for n, we have then 

1 


Q-*-i“ (h) 


7re‘ h 


sin (m — n — 1) tt II (— m) 


e ±(n+ D’T‘(^±4Y m F (- n, n + 1,1 — on, --V-— 




l 


'> - 1\D» / 1 + fl 

n > n+l,l — on, - 


: )} 


On eliminating the second hypergeometric series between this equation and (15), 
we find 

Qj n (/x) sin (n + on) or — (/x) sin (n — on) or 

= + *-> (- 


O'llTT ■ P„"‘ (/x), 
We thus obtain the formula 


by (5). 


See 4 Kllge]fanctionen, , vol, 2, pp. 238, 336. 
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Q—mm 

P '»* (p) = - {Q»“ (p) sin (n + m) 7T — Q_„_r (p) sin (» — m) rr] . (18). 

7T OOb HIT 

This relation which has been proved to hold over the domain of the point 
p — — 1, must hold over the whole plane. 

In the case m — 0, we have 

p.M =-™~'- {Q.M - Q-. MS- 

If n + m is a positive real integer, we have 

P n (p) = ~ ~ ■ e -TOm cos rmr . Q_ w _r (p). 

If w — m is a negative real integer, the relation (18) becomes 

2 

P„“ (p) = — e _, “‘ sin Tmt . (p), 

we see therefore that in this case the two functions P M * (p), Q,® (p) are not distinct. 
Changing m into — m, in (18), we have 


-- J -_a -- Q ro (p) sm (n — m)TT — --— Q_„_i*Mp) sin (w+mW V 

ttcoswtt |.n(» + m) vrv v ’ ri (—n + m-l) x 1 vr ' v 1 ’ j 

• . n(»- ») B ; n (B _ m ) T j Qii . w _ Q_ > _ - W}( 


7 r cos ntr II (w + to) 
hence on substituting for Q_„_ 1 ro (p) its value given by (18), we have 


p -~* w = S (I +1) | p -~ <p> ~ sin • Q ’ (>■)} ■ • ■ < 19 >- 

Remembering the relation between P M ra (p,), P_ M _ 1 m (p), we see that of the eight 
solutions p„“(p), P_ B _r(p), p„- ,,! (p), p_,_r™ (p), Q n w (p), Q_,_i-(p), Q,r ffl (p), 
(p), of the equation (l), six have been expressed in terms of the other two. 


Expressions for P w ® (— p), Q„ TO ( — p) m terms of P,“(p), Q„ w (p). 

12. Since the differential equation (1) is unaltered by substituting — p for p, 
it follows that P.,“ (—p), Q„ Bl (—p) are particular integrals of the differential 
equation, and are therefore expressible in terms of P,® (p), Q„ m (p). 
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The phases of p + 1, p — 1 in (p + l) 5m , (p — l) im being restricted to lie between 
it and — 7 t, on changing p into — p, we must put — p — l=e T,ri (/x + l) ) — p, + l= e T ’ r ‘(/x— 1), 
where the upper or lower sign is taken according as the imaginary part of p is 
positive or negative ; we have therefore from (5) 


P„’ K (-/*) = 


1 

n (— mj 


> — 1 
^ + 1 / 


F 


n, n + 1, 1 — m, 


1 + A , 
2 / ’ 


on substituting for the series its value given by (i 5), we find the relation 

p./‘ (- V = p." fc) - — ( */- ■ —. e— Q.,r (/a) . . . (20). 

Again from (10), we have since (— p.)'* +m+1 = p M+Ml+1 • e T( ' 1+m+I)l ’ r , where the sign is 
chosen as before, 

Q»“ (— ^) = — e ±,m Q»" (/a).(21). 


In the particular case of a real integral value of n, we have 

P/' (— p) = ( — 1)“ (p.) — ---(— 1)'' sin fflir. e“ ,,wi . Q," (p) 

Q»"(—/*) = (- i)' !+1 Q»*00- 


Expression for P„ w (p) m powers of —, when mod p > 1. 

fir 


13. In the formula (10), the expression for Q„“ (p) m a series of powers of — has been 

n 

obtained for the domain of p = oo ; we shall now employ the relation (18) to express 
P/ e (p) in a similar manner. We find by changing n into — n — 1 in (10), 

Q-»-i“ (A*) 

~ 2 - e n(-jA-i) ^ 2 » 2 ’ 2 n> f 

_ _ 2V *« n(-|)n( 7 A-j) COS 7 A 7 T , o -p /« »-» +1 1 _ ,, JL , 

” II (n—m) sin (n—m) tt ^ \ 2 ’ 2 ’ 3 n, p? ] ' 


Hence we find 
IV (/a) 


+ 


sin (%-fw?) 7r n (% + m) 

2 m+1 cos wtt ’ II (n -f"j) IT ( — J ) 

n^-i) 


(V-iF 


1 ^ -f- m “f* 2 %”-J~7%-hi. . q 1 

^«m f V 2 >“1—'*+*>7 


9« 


II (n—m) n ( —-J) 


/ o . \ i „ 1 'm—n +1 m —n , 1 

(p 3 - 1)-P—F (-2— , — , ^ 


( 22 ). 
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In the particular case m— 0, we have 
tan mr U (n) 


p.W = 


2 B+l n(» + i)n(-t)/i i+l 


/ n , n -f 1 , 1 

h ! + 1, 0 -■ ,» + i-5 


+ 2" 


n (» - *) 
n («j n (-1) 


/*' 


, W F 


1 — 7 ^ 


V2 

% 


1 

> 9 






. (23). 


It will be observed that when n + m is a positive integer, the expression (20) 
reduces to its second term, but not so when n m is a negative integer, since 
sin (n + m) it . II (n + m) is then finite. Heine gives* as the expression for P„ (p), 
when n is unrestricted, a formula which is equivalent to the second term in (23); his 
formula is, therefore, only correct when « is a real integer. 


Expressions for P„“, Q„ m in series of powers of p, when mod. p < 1. 

14. It will be convenient to obtain the expansion of Q„ m (p), first in powers of p, 
when mod. p < 1, and afterwards to deduce the corresponding series for P,/“ (p). 



Taking the formula 


Q n m {p) = 


e - (u+1) ITT 

4 l sill mr 


_ i)^ IT |'+ ) ^ (f - i y(t - p)-~'dt. 


2* 


Consider first the case in which the imaginary part of p is positive; the path of 
integration can be so chosen, as in the figure, that, for every point of it, mod t > mod p ; 
the term (t — p) - '"-'" l ~ 1 can then be expanded in ascending powers of p, and we thus 
find 


II (n + m + r) 

-- _ 


g—(R+l)ur 1 

0*) — 4 { sin ~ (l 1 * - 1 ) 5 " i fflfi) ,r 0 n (r) 

Let us now consider the integral, | (_1+ ’ 1_> (£ a — 1 ) n V dt. 


{f — 1)« t~‘ 


n—m—r~ 1 


dt. 


+/ 


First, suppose n and p to be such that the real parts of n + 1, p + 1 are both 
positive, the path of integration may then be as in the second figure, the loops round 


# ‘ Kiigelfunctionen, ) vol. 1, p. 38. 
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the points 1, — 1 being indefinitely small, and the semi-circles round the point 0 being 
so also ; the parts of the integral taken along the loops and semi-circles in the limit 
vanish, and we have only to consider integrals taken along the real axis. The integral 
consists of four parts, the following :— 

(1.) From 0 to — 1, phase of t equal to — 777 and the phases of t — 1, t + 1 
equal to v, — 277- respectively. 

(2.) From — 1 to 0, phase of t equal to — v, and the phases of t — 1, t + 1 
equal to 7r and 0 respectively. 

(3.) From 0 to 1, phases of t, t — 1, t + 1 equal to 0, tt, 0 respectively. 

(4.) From 1 to 0, phases of t, t — 1, t + 1 equal to 0, — 77 , 0 respectively. 

Taking v for the modulus of t, we have in the first two parts of the integral 
t = ve~ m , and in the other two parts t = v; hence, the integral is 


f _ yZy* V P uir ' g-2/mr . g-jp + ltjr g)Urr . ^ _ g-jp+W _|_ g'«nr ^ j 

Jo v 

(e' lm — e~ nm ) (1 + e~ pm ) | ( 1 — dv, 

JO 


e~ mn . 1.1) dv, 


which is equal to 


2t sin mr . (1 + e | 


n (7») n 

7 jTTu 

n * + 2 , 


To show that the result is the same, when the real parts of n + 1, p + 1 are not 
both positive, we find by integration by parts 


r(~i+, 1 -) 


v ’ p + 1 J 


(t* — l) u t p+z dt, 


and also 


j ( ,+ ’ 1 ) — i)« t p dt— — 2 ^ f 1+ ' * > ^ ~ 1 ) W+I tP dt - 


By successive use of these two formulee, we find 




1)“ t p dt = ( — 1) ; 


n (^+ w + s ) n (u^) n fir +w+s+x 


f p+ 1 + n ) n ^ .\ tt (p±1 


+ s ) IT 




X f” 1+l1 ’(f 2 — l) n+ H p+2s dt, 


iK» 

n(»+x; 


MDCCOXOVI.—A. 
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where X, s are positive integers which we can so choose that the real parts of 
n + X + 1, p + 25+1 are both positive, in which case 

n / . . v ft (P + 2s ~~ 1 N 
II (n + \) fl r——— 

j ( I+ ’ 1 ’ (i® — l) ,i+A t p+2s dt — l sin (n + X)tt . (1 — e- J ' +1+2s ‘ ,r ) V 


XI (% -f* X -f* 


p + 2s + 1 


whence we find, as before, 
re-1+, i-) 


n(»)n(+i 

(i 2 — l) B tP dt — i sin Mr . (1 + e~ pm ) —j - + -p 


II In + • 


We have now, letting p — — n — m — r — 1, 

e -(n+l)vrr 


Q n m {p) 


4o sin nir 


nwnf_tt5±r_r 

'F V ww 6 ) tt (v\ „ /n—'ni—r- 1 


2«ri(«)r“o v “ ~ ’ n(r) 

— n — to — 2s 


n 


0-~(?i+l)ur 


n 


s=0 


1 j II (ii 4~ mi "X - 2s) 


n (2s) n 


— TO — 2s 


2 


F 


2s 


TT / — n — TO — 2s — 1 1 \ TT / , , i) , 1 \ 

II ( -si - — 1 II (n + to + 2s + 1) 

„-(jl+l)iir S=a> \ 2 / 

I *__ /t I „(»+m)iri\ V \ ___fl_ L --- 

T" 2” + 2 C‘ e ' „ „ , -rr I'll TO 2s 1 


n (2s + 1) n 


F 


2s -f 1 


By the known transformation theorem II (— a:) II (x — 1) = it cosec xn, we have 


tt i - n — to — 2s , \ „ /to — n + 2s \ (n + to + 2s . 

II ( - T -1 I II (--- — 1) cosec {---h 1 ) nr 

A 


XI 


m — 2s’ 
~2 


II 


w -f m + 2s 


/m — w + 2s\ 
cosec f---17r 


^ im ~~n — 2 \ . m — n 

n ( - h S Sill -;r- 7T 


fm + \ . m + % 

II ( --- + S Sill--- 77* 


also 


n 


- n - to - 2s - 1 _ -A n /to -> +, 28-IN cogec /m + » + 2£ +1 + ± ^ 


n 


TO — 2s — 1 


_T hi + to + 2s + 1\ /to — n + 2s + 1 N 

XI ( —I- — - - — | cosec I-— -) 7r 


tt /to — » — 1 \ m — n 

n | - - - h 5 ] COS - r- TT 

A 


n 


m -f n + 1 , A_ mi + n _ 5 


+ cos 
2 / 


■ 7T 


2 
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hence the expression for (p) becomes 

Q»"(/*)= 


ie (m ~ n) 2 


* / o w ^ 72 \ 2 / ^ 

—0* s — I)* sin —— 7r .- —-nrr -F 


2 


n 


72 + 772 

Y 


fn + m +1 772—72 , 

V - 2-2"’ i- '*7 




Am+u 1 )* m cos 


772 — 72 


2 


TT . 


n(»+m+i)nf^— 

_\ 2 / ^/m—7i+l t?2 + 72 + 2 


n 


72 + m +1 




’ #,/**) (24). 


The known transformation 


n(2*) _ a, n(a - i) 

U(x) n(--i) 


gives us 


n (» + m) 


n 


n + w 




V& + m — 1 


and 


n 


II (n + m + 1) 


n 


n 


n 


n + m + 1 
2 


_ 2»+m+l 


72 + m 


II 


also 


n 


m — n — 2 


fn + 2 — 

7T oosec (-—- 7T 

2 J 


n 


n — m 


, n 


% — 1 


7 r cosec 


n —. m + 1 


n 


72 — 7/2 — 1 


hence the formula (24) may be written 


Q» m (/+ 




n^ ±»b+i m( -i) 


n 


2_ L _/ u a_ 1 vt» F /"±? + 1 , ® rAk 1 J\ 

/n — m\ W ^ 2 2 ^ ) 

V 2 y 


+e(“-")? 2 ,; 


n+ M )n(-b 


n 


72—-m- 


I\—(/**—! )*"/*F 


772 — 72+ 1 772 + 72 + 2 


-,5. ..2 
2 5 2 > r 


(25). 


15. Next suppose the real part of p is negative, the path of integration in the 
formula for Q,/®(p) may then be placed os in the figure, in which the line joining 
C and p passes through the point t = 0. At C the phase of t — p is — (2tt — 6), and 

3 o 2 
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that of t is 6 , so that the phase of 1 




is 


2?r, thus 1-' 




-n—m —1 


is equal to 


e 2 (n+m)m phnes the value given by the Binomial expansion ; we have therefore 




g —(?t + l)ur 


2 6 sin ?wr ' 2" II (») 


e- 2OTl (p 3 - 1)»* S 


II (n f m + 5’) r (_1+ - 1_) 


n (r) 


A (•(-! + , 1-) 

I (f-lft 

0 






r(-l+, 1—) 

The value of (i 2 —1) M t p dt may he found as before by first considering the 

J G 

case in which the real parts of n and p are greater than unity ; in the present case, 


c 



the phases of t are tt in the integral from 0 to — 1, and from —1 to 0, and zero in 
the integrals-from 0 to 1, and 1 to 0, hence the integral is equal to 


or 


| (1 —tfy V P ^ e -2nm gfi+l __ e nm ' } _ 0 p + 1 «r J p J _ \ # 1 ) dv, 

ip - IN 


(e nn — e _nm ) (l + e pm ). | 


II (n) II 


n ((« + Z±i) 


The extension of this result to the case in which one or both of the quantities n, p 
have their real parts greater than — 1, can be made as before. 

We thus find after reduction, as in the preceding case, 


Q ."(/*) = 


m+\n) in 


n 


. 2 m . 


n + m — 1 
. 2 


n(- 1 ) 


n 


n — m 


(/x s — l) im F 


n + m + 1 to — n , 0 

2 ’ 2~ ’ *’ * 


n 


| g(fm+|n) m 2^ 


LCdLT (/ _ 1)1>F =|+ 1 »+»+ 2 


n — m 


>f,/x 2 ^ . (26), 


which is the formula that corresponds to (25), 
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16. In (25), change n into ~ (n + 1), we then find, after some transformation of 
the numerical factors, 


Q-»-rW 


. jl ^( w + % >2 2 ' 


cos __ 7T n / —-—) n (- i) 


. n—m 
sin-7r 


n 


n — m 






; (m+%)'2' 2* 


• 71/ -f 777/ /n~h m \ T r / -i V 

sm n -- )ri(-|) 


72 — 7/2 

COS-- 7T 


n 


—???—i 


I+A i(#l .p 


On substituting these values of Q,™ (g), Q_ b _i“ (/x) in the formula 

g—mm 

P/ ! (/x) =-(Q„ m (/a) sin (n + m) 7r — Q_ n _i w (/x) sin (w — m) tt}, 

X / 7T COS 727T v 7 


we find, after some reduction, for the case in which the imaginary part of /x is 
positive, 


P»"W = 


\ 2 ’ 


, % + m 

COS - ~ 2 - 7T. 


n 


'ft+m—1 


n 


r n (- 


■i) 


(/X s —l)“ m F 


m -f 72 + 1 m—n 


X 

2 ? r 


_L ^2. 

g-iwrg 2® sin —7T, 


n 


'a + m 


n 


n—m— 1\ 


n® 


(^-1 )<>!?(' 


f 7ft + ft+2 777- -“ ft A 1 a 

, f, /t - 


(27). 


When the imaginary part of /x is negative, we obtain in a similar manner a formula 
which differs from (27) only in having the exponential factor e mm instead of e~ mm . 

From (27) it is seen that when m + « is an integer, only one of the two 
hyper-geometric series is required to express P„ m (/x), the first or the second according 
as n -j- to is even or odd. 


Definition of the functions P„ m , Q n 1 for veal values of p, which are less than unity. 

17. The functions P,/" (g), Q,® (/x) have been defined as uniform functions of /x for 
all points in the plane of /x in which a cross-cut is made along the real axis from 
1 to — oo • at points indefinitely close to one another on opposite sides of the cross-cut 
the values of P,® (/x) or of Q,® (/x) will in general be different. We shall consider first 
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the values P„ TO (p + 0. i), P a ™ (p — 0 . i) on opposite sides of the cross-cut for real 
values of p lying between the values ± 1. 

Referring to the expression (5), we see that in this case 

p,"o* + o. o = p-‘“(nr fj" r (-<*>» +1.1 - »,bp) 

p,-(p - 0 .,) = —™ «*"" (hr«)*' P (- n,n + 1,1 - m, Lp) 
hence we have the relation 


pi mm 


P." (p + 0. i) 


P»® (p — 0 . i) 


n (- m) \1 


1 + /X 


\ 




F 


n, w + 1,1 


m, 


f 1 


(28). 


It is convenient to define the function P„** (/x) for real values of /x between + 1 and 
— 1. in such a way that its value shall be real for real values of m and n ; the 
definition which we give is that for such values of p, 


P„* (p) = e imm P," (p + 0 . x) = e"*™" P„* (/x — 0 . i) 


1 /I + pW 


n(- m) \1 -/*. 


F w, n + 1 , 1 — to , —— ■ . (29). 


From (27), we find in this case 

n 


P tt m (p) = 2* cos 


n + w 
2 


n + m — I'j 


\ 9 1 /. 

n l—) n (-s) 


? / m + n + 1 m — % 1 9 


?i + m 


n 

+ 2- B .n — «r • —(1 - cV F (-5-’-5-• 5' <* 


n 


n 


when (1 — p 3 ) 5 “ denotes e imlog ‘< 1 ” KS) and log*(l — p 3 ) has its real value. 

We see from (29) that when to is zero, or an even integer, the values of the function 
on the opposite sides of the cross-cut are equal, so that in this case the cross-cut is 
necessary, so far as the function P/* (/x) is concerned, only from — 1 to — co. 

18. Next, let us consider the values of Q„* (p) on opposite sides of the cross-cut for 
values of p lying between ± 1 ; from (15) we have 
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Qu m {p+ o.i) 

and 

Q» m (f*>—o. t)= 


7 re Wt 


2 sin (n -f m) ir II ( — m) 


g— (n + |m)rrt / 



F — n, n + 1, l. 


-wi. 




pimir i 


r2ff" F (-”• »+l, l-m, H~)} 


7T6 W 


’ 2 sin (n + m) ir II (—m) 


L_Je<.+iWi±£Y" 


from these equations we find 

e -J»m ( /x -f 0 . t) - e*“" Q.„“ (fX-O.i) 


1+/V V 

A-A* ' 

V +A 




WHrA(-, n+ 1 , l 


7To 


2 sin (/ft 4* m) 
hence we have the relation 


7T n (—Mi) e Hi + m/ l 


1 — m, 

2 


e~* Bm Q ;/ « 4 . 0 . 1 ) - e imm Q,® (/t - 0 . t) = - tTT e ,,wi P,» (/x) . . (30), 

where P„® (/x) is defined as in the last Art. In the particular case m— 0, (30) reduces 
to Heine’s relation 

Q« (^ + 0 . t) — Q« (/x — 0 . 1 ) = — LIT P« (/x). 

It is convenient to define Q» w (/x) for real values of /x between + 1 and — 1 by 
means of the equation 

e” m . Q(/x) = | Q,® (/x + 0 . x) + e*"" Q,® (/x - 0 . t )} . . (31), 

which gives us 


= 2n (=^o l 008 (n+m) 77 • (wf F (“ n > % + 1 


- to , 


1 — M 




‘,1 + /x 


F - ft, n + 1, 1 — m, 


1 + M 


We have also 

fn+m —1 

Q/'(/x) = - 2*- 1 sin ir - ' 2 


n(-i) 


fn—m 

H \ 2~ 


(1-/X 2 f 1 „2 


V 2 ’ 2 5 


A F 


n(-t^)n(~|) m . 


n + 1 m4 ft 4-2 


£ fi 2 
2> 


2 


2 
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In the case m = 0, (31) agrees with Heine’s definition of the function Q„ (p) for 
real values of p between ± !• Objections have been raised by Schlaeli to this 
definition of Q, t (/a), on the ground that the function does not satisfy Legendre’s 
equation. There does not, however, appear to be in reality any question of principle 
involved; it is merely a matter of convenience to give a definition of Q„ (p), which 
shall give real values of the function in the real axis, when n is real. It must, 
moreover, be remembered that although we have drawn the cross-cut along the real 
axis, it might have been drawn along any line we please joining the points ± 1, and 
thus the function Q„ (p) may be regarded as satisfying the differential equation of 
Legendre for points in or near the real axis, the surface over which the function is 
uniform being a different one from that which we have hitherto postulated, and the 
function being a linear combination of the two independent integrals of Legendre’s 
equation which we have defined and used. 

19. For values of p near that part of the real axis which is between — 1 and — <x>, 
we see from the expression (10), that 


0**0*+ o.i) 

emri n ( w + m ) F ( — g) / a , \ ^ („+!),„__I_ f n+m + 2 

2 n+1 ' n (n +i) Kl ’ (_ /t )*+»+x ^ 2 


n + m +1 


n-f 


2 > 


v! 


Q»" (/* o. i) 

e mm II (n + m) II (- 


•i) 


2 M+r II (n + £) 


(p 2 —l )*“.<? 


(r+1) lit 




n+m+l 


F 


n + m+2 n + m+1 


, » + 1 , 


where (p, 2 —l) im here denotes J) , the logarithm having its real positive value ; 

we thus have 

e""Q."*(p + 0 . l) ~ — 0 . i) . . . . . . (32) 

and we may define Q„ (p), for real values of p between — 1 and — co , to be equal to 
either of the expressions in (30) with its sign changed, thus 


Q»" 0 *) = 


2 n + 1 


II (n + m) H(-i) 
n(n + i) 


0» 8 —i) 4 - 


(-A)* 


F 


n+m+2 n+m+1 


n -j- -3- 


2 > 




where (p 2 — l) im has the meaning given above. 


To express the relation between P„®(p), P,, m (-- p), Q n m (p), Qn“(— p) when p is real 

and lies between ± 1. 


20. We have from (20), if 9 lies between 0 and ^tt, 
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P,/"- (— cos 9 — 0. i) = e~ nm P ,l n (cos 9 + 0 . <,) — - 'PI E e -mm Q m ( cog 0 q_ o . i), 
hence 

P n m (- cos 0 ) 

= e~ nm . e~ imm P n m (cos 9) — - - P 1 — - e~ mm . e imm {Q n m (cos 6) — P n m (cos 9)}, 

or 

P K m (— cos 0 ) = P/' (cos 9) [e~ (n+m ) m + i sin (n + m) tt] — + "') tt ^ cog 

hence we have 

2 

P„ m ( — cos 0 ) = P u m (cos 9) cos (n + m ) 7r -- sin (n + m) v. Q> n w (cos 9) . ( 33 ). 

k 

It is easily verified by means of the formula in Arts. 17 and 18 , that when 9 = 

(1 — cos n + m 7r) P n m (0) =- - sin (n + wi) tt . Q«“ (0), 

hence ( 33 ) does not involve a discontinuity in the value of P„ m (cos 9), as 9 changes 
from 0 to 7r. 

We have, also when 9 is between 0 and 

Q»* (—cos 9 - 0. l) = - e nm Q„ m (cos 9+ 0. t), 
or 

e 2 jQ» m (— cos 9) + y P,„ ra (— cos 0)j = — e'" 1 . e 2 |Q,,® (cos 9) — ^P n m (cos0)j, 

hence, by means of ( 33 ), we obtain the relation 

Q n m (—cos 0) = — Q,® (cos 9) cos (n + m) v — \tt sin (n -f m) tt . P M ® (cos 9) (34). 
When m and n are real integers we have 
P n m (- cos 9) = (- 1 )* + ® P K ® (cos 0), Q M ® (- cos 9) = (- 1 ) re+ ® +1 Q n ® (cos 9). 

Expansion of P n m (f), P„ m (fi) in powers of p — \/[E — 1. 

21 . If we make (ju, — vV 2 — l) 3 , for which we shall write the independent 
variable in the differential equation (2), we find that the equation takes the form 
MDCCCXCVI.—A. 3 P 
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,72 W ,/W 

£ z (l — £) + € {% — ™ ~ (m + %) £} ~ i ( n ~ m ) {n + m+1) (l — £) W = 0. 

Let W = f i(,1+1B+1> W'; we then find, on substitution, the following differential 
equation for W': 

f(1 - + {(» + |) - (» + 2m + l)f} ~ - (n + m + 1) (m + £) W' = 0. 


Comparing this with the equation, 

,72 W' 

£(i - « ijsr + {r - <“ + /* + Of} - “£ w = o. 

which is satisfied by W' = F (a, /3, y, £), we see that if a — n -J- w + 1, /3 = m ■+ 
y — n + §, the equations are identical. It follows that our fundamental equation(l) 
is satisfied by 

V x = z ~ (n+m+1) (/x 2 — if" F ^ + 7 ii, n + m + 1, n + |, ^ , 

or by 

V 3 = (p, 2 — 1)*"* F + m > m — n > \ — n j 


where 2 denotes p. + a// a 2 — 1. 

In z we suppose \/p, 2 — 1 to be measured as hitherto, so that it has a single value 
at every point of the /x-plane in which a cross-cut is made along the real axis from 
-j- 1 to — 00 . 

It will be seen that mod z is greater than unity over the whole plane, the real 
part of /x 3 — 1 having the same sign as the real part of \x ; on the imaginary axis 


z is purely imaginary. 

In order to express the solutions V 1( V 2 in terms of P,”(/x), Q,/' ! (/x), it will be 
sufficient to compare these solutions for values of fx whose modulus is very large, with 
the expressions (10), (22). 

These latter formulae show that for such values of /x, the principal parts of Q/ (p,), 
P«“(/x) are, 


gMTTt, 

2 ?h-i 


n(% + n( 2) / *2 1 VV/R — (^+/ii+1 

n(» + ±)'" (/x L} ~ lx 


sin (n + ml 7T IIQ + m) , 2 _ 

2 W+1 COS ^ 7 T n(» + i) n( - 1 ) 1 1 


+ 2 " 


H (n—±) 
Yl{n—m) II( — 


(/x 2 — 1)*~ ft* - ". 


respectively ; for similar values of p, we have 


y, = (2/x)- 1 -"- 1 (/x 2 - if 1 , v 8 = (2/xy' 1 -™ (/x 2 - if 1 . 
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It follows that, since V l9 V 3 must both be linear functions of P,(p), Q,“(p), 

Q/ ! (/a)= 2 m e mm — g - (p 2 — 1 'f m z ~ (n+m+15 F + m > n+m+1, w+f, (35). 


P„*(p) = 2’ 


, sin (w + m) 7r II (^ + m) 


COS %7T n(»+i)nH) 


U (fj?—l) im z~ (n+m+1) F n+m + 1, »+& ^ 


-f 2 s 


II (n -*) 


n (» - m) n (- i) 


— (p 2 — 1 ) 4 ® z n *F | + m, m 


n >l 


n, 


(36). 


These formulae, (35), (36), are the expressions for Q«®(p), P„ m (p) in series of 
powers of ~ ; the series are convergent over the whole plane. 

In the particular case m = 0, we have 


q« w = ’> +1.»+1. i 


(37). 


P n (p) = tan rnr. 


n(« +i-inf-i)* ( " +1)F U» m + 1 > n + t» # 


, II (n — A) t~i (i . 1 N 

+ n(»)n(-i) z,i F (a- “ n > 2 — ■ 


(38). 


The particular cases of (37), (38), in which n is a real integer, are given by Heine.* 
It will be observed that the case of a real integral value of n is the only one in Avhich 
P» (t 1 ) is represented by a single hypergeometric series. Exceptional cases of the 
four formulae will be considered below. 


A Second Class of Definite Integral Expressions for P,“ (p), Q,™ (p). 

22. By using the definite integral forms which satisfy the hypergeometric equation, 
we see that the expressions 

(p 2 - 1)1“ j u u + m (1 - U - ~y i ~’“ clu . . (A) 

(p 3 - 1)1“ j" u“-» (1 - «)*-*^1 - du 

satisfy the differential equation (]), the integrals being taken along closed paths, 
such that after a complete description of such path the integrand attains its initial 
value. 


* See ‘ Kugelfunctionen,’ vol. 1, p. 129. 
3 P 2 
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In (A) or (B), n may be changed into — n — 1, and m into — m ; we thus have 
eight different forms which satisfy the differential equation, and as in each case two 
independent closed paths may be chosen, we obtain, on the whole, sixteen definite 
integrals which satisfy the differential equation (1). We shall proceed to express 
these definite integrals in terms of the functions P„ m (/u,), Q„ m (jx). 



Consider the integral (A), the path of integration consisting of a loop described 
positively round the point 1, followed by a loop positively round 0, another negatively 
round 1, and lastly a loop negatively round 0. When the loops are placed as in the 
figure, we shall suppose that the phases of u, 1 — u initially at A are zero, and that 

the phase of 1 — -y- is zero at B ; when the loops are displaced into any other position 

the proper phases will be obtained by the principle of continuity. We have then 


(fj? — Yf m f (1+ ’ 0+? 0- > 


Vf m | 


u n+m ^ _ u y\~M ( 


‘l:~m 


du 


n(m + ,-« l re*,.*, 

■ nwni.-i) *■ ] u (i u) au, 


z n+m+i r = Q n (r) n (m — 1) 


now 


*(l + ,0 + , l-,0—) 


u 

(n + r + f) t rt 


n+m+r 


(l — u) m i du — e< ii+r +t) ,r ‘ e (n + to + r + 1, — m + ij) 


= e 


/ (n + m + 1)... (n + m + r) , , 

. ,,, (n + m + 1)... (n + m + r) , . , , , II (n + m) 

b , v JL . t . 4:7T sm ( n + m) ir. i T / v , y 
(n + -|)... (n + t + v ' 17 ( ™ tt (™ 


n (n + n (m — £) 


Hence 


id - iy j (i+ ’ o+ ,i-.°— 


+ » + 


n u + m (l — (1 — 


U \-k-m 


du 


. , , x II (n-i-m) (u? — V)^ )l — f t „ 1' 

= - . 47r sm (n+m) i ir. n (,f-Tr)"ff(m-i) ( n+m+ 1, m++ n++ - 


Comparing this result with the formula (31), we have 

Q»" 0*) 


-^(m-n)Trt. 


n (m—|) n (-i) (/x 2 -i)^ f< i+ *°+ 

47T sin (w + m) n r 


-I-rn r(] 

r J 






(39). 
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If in this expression we put u = hz, and make A the independent variable, 
we have 


q»- «= 2 -. ■" ‘ _) 


In the particular case m = 0, we find 

v / 4 sm nir J 


h n 


(1 - 2 fill + 


] } U + »A 

(1-2/i/i +Wy^i dh ( - 40 )' 


dh ... . (41). 


Using the theorem (12), we deduce from (40) the formula 


Q„“ (p) = L e (m ~ n)n . 2~ m 



It will be observed that in the formulae (40), (41), (42), the phases of the 
integrand are to be measured as follows :—Draw the figure in the A-plane corre¬ 
sponding to the figure we have drawn in the w-plane ; the points z, — correspond to 
the points z 3 , 1 respectively; the initial phase of A at A is to be the same as that 
of —, and will therefore be zero at the first passage through C; the phase of 1 — hz 

in the product 1 — 2/xh -f- A 3 , which equals (1 — hz) ^1- ~J, will be initially zero 


at A, and that of 1-— will be zero at B. When the figure is displaced in any 

manner the phases can be found from the foregoing specifications by means of 
the principle of continuity. 

23. If the real parts of n + m -f- 1 and ^ — m are positive, the integral in (40) 
can be reduced to the form 


_g(n+m)2 n'j ^ 


-(m+!) 2 tu\ f z _ 

' Jo (1 - 


h n + r ‘ 


2 fih + 7i 3 ) m+ t 


dh, 
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thus we have 


Q«" ! (p) =■ e mn 2 “n (TO -1) ri (-4) co ~ (/x 3 - i) 4)li P 

7r J a 


fyn+m 


(1 — 2jj.li + 


-dh (43) 


when the real parts of n + m + 1 , | — to are positive. 
In particular 

Q* (p) = p (TZ 2/4 + A*)* 

provided the real part of n + 1 is positive. 

Similarly we find from (42) 


; dh . 


Q«“ (/*) = e w ” • 2 


U (n + i7i ) IT ( - i) / 2 


IT (w — m) II (m — ^) 




h n 


2 jih + 7i 3 )^-“ 


provided that the real parts of m — to + 1, to -j~ are positive. 
In the formulae (43), (44), (45), change h into —, we then find 


(44) 


dh . (45) 


Q ,r (p) = e iMl • 2“ n (to - 4) II ( - Jr) (p 2 - 1)4“ f 


fyn-n—l 


(1 — 2 fill + lv*) m+ b 


d.h (46) 


when the real parts of w + to -f- 1 , ^ — to are positive. 

r» 

Q« (/x) — | (1 - 


"_ M 

(1 - 2/iA + 


where the real part of n + 1 is positive, 

Q.- « = e-»2- n o*’ - 1 C"fdd 




(n — m) II (m — |) 

when the real parts of w — m •-}- 1 , to + b are positive. 
24. Next, consider the expression 


(1 - 2 jxli + hy 


(47) 


i ~dh . (48), 


(^2 _ W m+m (l — W) _s “ 1 — — J dlt. 

Suppose that the phases of u, 1 — u are zero, when the point A in which the path 
cuts the real axis between 0 and 1 is reached, and that 1-y has its phase zero at 

%b 

the point B in which — is real and less than unity. 
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Transform the integral bj means of the equation u — z 2 — (z 2 — 1) v, so that v is 
the independent variable, we have then, 


or, 


r(l + ,0-) r / 1 \ I n+m 

(jX 2 — j 2 2(ii+«i J 1 — l 1 — — j V I (z 2 — 

/ 1 \-l-m 

(v — 1 — — ] v ' m (z 2 — 1 ) dv, 


r( i+, o-> r / 1 \ ] n+m 

(fx, 2 — \y™ z n + im (z 2 — i)- 2m l 11 _ h _ _\ v L (v— ; 


in this integral v — 1 has the phase zero at that point of the path in which v is 
positive and greater than unity; this expression may be written in the form 




iy np + m)_r (1+ ’°~) 

£ 3 / IT (n + m —■ r) ]I (r) J 


m+r {y — l)~ la m civ ; 


now 


r(i+,o-> 


-I ™ + r _ X)-5“ w dv = 2t COS m7T . 


n (— — m) II (— — m + r) 

II (— 2m + r) 


hence the expression becomes 


2 t cos mTT-Fy n - m, £ - m, 1 - 2m, 1 - ~j, 
or 

- 0* s - !)" 4m • 2 “ + '" • { n(!r_ ijp • sin w ~ m > i ~ m > 1 - 2m, 1 - -J j, 

or 

— (jx 2 — sin m7r. ^ F^ — n — m, | — m, 1 — 2m, 1 — • 
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If we use the known transformation 


F(«, /?, y . X) = 4 g(», A 1 + .+ fi - r , 1 - «) 


, n(« + g - 7 - i)n( 7 - i) 

+ n(« - i)n(/3 - i) 

we find for our expression 


(1 — oc) y a 13 F (y — a, y — (3, y — a — /3 + 1, £c), 


2.sin.o*.- i ) -i- z »- n <~- 1 > n O » j no-«n ( -2 , o 

vr ^ 7 II (m — •£) [ II (« — m) IT (— m — f) 

, n 1\ , H (- n -1) n (- 2m) _ 2 „_, 

F ( — n — m, \ — m, \ — n, - + — 7 -- Yvit /—r~~\ z 

\ ^ ^ z 2 / II (— n — m — 1) II (— f — m) 

F(n —ro+ 1 , — m + 4, f + n, 5 )} » 


which can be written 


jj: ( n j) -w+m Tf< 


» n+TO F( — w — m, ^ — -w 


n(m-i) ln(w-w) \ ’ 8 

,m(» + m ) T nfe + ^ F (B + , _ J 

COS W7T II (w + i) v ^ 


m. n + f, 


or, if we use the transformation 

F (a, (3, y,x)=( 1 — xy-*-P F (y — a ,y — ft, y, x), 

it can be written 


2ttl 

rn(»- 

-i) 

n (?» - 1 ) 

\n(» - 

- m) 


z n ~ m (/x 2 — l)* m F (i + m, m — n, i — n, 


sin + m) 7T II (% + wi) 

COS %7T II (w + 


-m—n— 1 /,.2 


(/x 2 — l)^ m F (\ + m 9 n + + 1, n + 


on referring to (22), we see that it is equal to 


_ 2 ?rt II ( I) _ 1 _ p / \ . 

n (m - i) 2 m W ’ 


we thus obtain the formula 

P«* (p) 

— 2“ ^2 _ l) im j*' 5 ?t* + * (1 — tt)" 4_ra (l 


clu (49); 
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on making the substitution u — hz, this becomes 

p„- M = i2- (t? - 1)*-f(U-) 


fyi 4- m 


(1 - 2 ph + W) m ^ 


or 


r.-W = ~- 2 ’lfFT) ) ^- 1 )*-[ 


W>~) 




(1 — 2 fih + W) m+i 


My 


dh . (50). 



In this integral the phases of 1 — hz, 1--- are to be zero at the points M, L in 

1 

which the lines joining the points —, z to the origin cut the path. 

In the particular case m — 0, we have 


which is reducible to 


p *w = s 


p 'W = ^Jri- 


K n 


(1 - 2/jih + Wf 


dh 


(51). 


the integral being taken along a closed path which includes both the points 2 , — > 
and excludes the point 0. 

By changing n into — (n + 1), we obtain the formulae 


P „“(/*) = 


1 

27 TL 




* ' 1,1 ' 2m hi - 


hr n ~ 1 


(1 - 2 fA + Wf 


Jjin—n—1 

(i - 2fih dh ' ( 52 )’ 

dh .(53), 


the integral (53) being taken as in (51). 

25. Next consider the expression (B), the path being the same as in Art. 22; we 
find 

3 Q 


MDCCCXCVI.—A. 
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_ i) 4 »» r(i+, o+, i—,o—) 


.-DA+W+1 


r(l + , 0 + , 1-, 0-) / %i \ 

u m ~ h (1 — u) n ~ m (1 — — j 


-u—in,.—3 


du 


(A* 3 - 0* * n( n + m + r) 1_ f< 1+ ’ 0+ - 1 “-«-> 
0 ,i+ » 1+1 ^ n (r) n (n + m) J 


w 


(1 — v) n ~ m du. 


Now 


f(l + ,0.+ ,l-,0-) 


w r+m-i _ u y- m du — e O+»-+*>« e (r+ ♦» + £,» — m + 1) 


.(-I)- e <«.+*,» - m+i> 

(m -f 4)... (m -f- r — 4) . . , . TL (m — l) H (n — m) 

e (-i+,)iir I - .M - \ - M _ 4 cog m ft gm t n __ m \ Tj- .—i— -—- , 

(» + f)...(» + r + i) v ' n (n + J) 


hence the expression becomes 


e («+i) i”- _ 4 cog m gjn (n — m) 7r 

II (m - J) n («. - to) (/D - l) 4 ' 


n (n + i) 


. F (n + m + 1, m + i» + I- ^ 


Comparing this with the expression (31), for Q„* (p), we see that 

n(» + m) n.(-i) 


_ , . , . 2“ II(» 4 - m) n(- i) (/a 3 

^ 4 cos m 7r sin (w — 7/1) 7r II (n — m) II (m — J) z 


rd+»o+, 1 -, 0-) 


. »| u w ~*'(l — u) n 

26, We shall now consider the expression 

' «*-*(! — u) n ~ m (1 


% 


tt+wt+1 


—R—m—1 


c/% . (ft 4 ). 


(fi 2 — l) lM 




-it- m— 1 


c/%. 


Using the transformation u = # — (a 3 — 1) r, the expression becomes 


f(l + , #+, l — , z 2 —) 

(yu , 3 - I)" 1 " U- I U 


r(i+,^+, i-,* 2 -) r # —1 1 »»-i , 

f {*-—•} (»-') 


R-HI n—in—1 


which can be expanded into the form 

“ (^'~ 1 > 2M 2^ ^ n(r)n( 7 )r-r-i) (“ 1 )' (* — "/) f (t>-1) 


r— m. 
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( <l + , z*+, l-,s a -) 

(v — l)' 1 -” 1 civ — e (r ~ 2m+1)n € (n — m + 1 r — n — m) 

. - , , ... (—.n~ m) (1— n— to). .. (r—n—m— 1) , , . 

= _ e • (_,)'•- (i-2m)(2^d )- .;;(,-2») J e(«—’»+], -»-<») 

_ 2to „ (-»—Ml)... (r-M—TO — 1) . , \ . . \ U(n-m)U(~n-m—l) 

=* -oPSor.>rso.•'«"(»-*>)»“(»+»>), -. Ii( - Z ~.- 

= — e~ 2mm . 2 2m . 27rsin2m7rsin(»—m)7r 

II(»~ m) II (m—|-) II (m — 1) (— n —m)... (r—n — m— 1) 
II (n + m) II(—£) (1 — 2m)... (r—2m) 

Thus the expression becomes 


e 2 " m . 27 rsin 2 m 7 rsin(»— m)ir 

TL(n—m) II(m —|) II(m—1) 

II(»+m) n(—I) 


2 ,l+ ’ H ( l u 3 —l) _4m F m, —n—m, 1 — 2m, I — 


As in Art. 21, this expression can be shown to be equal to 


e 2,im . 4-7r 2 cos mir. sin (? 


x II (n — m) II (m — f) 1 ^ , x 

m) v . 7”-{ “777- -- 1 — P,“ (a), 

’ II (n + m) II ( - i) 2® vr7 ’ 


hence we have the formula 


= 


_ 1 II (w + ffl) I I^-J) Q 2 - 1)*» 

47T 3 cos mir sin {n—m) irU{n — m) II (m — |) ^ +w+1 


*( 1 +, S 2 + , 1 -, Z Z —) / 

M*“* (1 — 1 - — 


and in particular when m = 0 


P« (^) = 


4 7t 3 ^ f o - u y( i - *■) • < 56 >- 


A third class of definite integrals which represent the function P,“(/x), Q n m (//). 

27. If we put g? = f, we find that the differential equation (2) becomes, when f 
is made the independent variable, 


' /1 /\ d ~ w . /i 2m. + 3 ,\ ffW (» — m) (w + m + 1) w 

<* (' + -+-i—— w = °- 

3 Q 2 
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We see that this equation is the differential equation satisfied by the hyper¬ 
geometric series F (a, yS, y, /a'), where a = W - — , /? =■ — ^ y — ; we thus see 

that the differential equation (1) is satisfied by either of the expressions 

(yu. 3 — 1) ! ” \u 2 (1 — u)' 2 " (1 — jj?u) 2 du, 

, ,, f m—M— 2 , K n—in , n % w+ro+1 , 

^ - l H “ 1 (‘-o- (i-p«r < d«, 


when, as in the other cases, the integrals are taken along closed paths. We thus 
obtain a third class of definite integrals, by which the functions P/‘ (/x), (/x) can 

be represented. It is unnecessary to obtain the exact expressions for the functions in 
four of these definite integral expressions, as all the results of interest may be obtained 
from the two classes which have been already considered. 

The existence of these three classes of definite integrals which satisfy the funda¬ 
mental differential equation (1) is equivalent to the result obtained by Olbricht, 
that the equation is satisfied by three distinct Piemann’s P-functions, 


r 




km 


i 


km 


00 

— n 

n + 1 

00 


1 


"A 



1 1 


I 

P <{ 2 

n + 1 

_ 2“ 


m 

*— m 



n + 1 
2 


fJL + VV 2 — 1 

2 vV ” 1 


J 


P 


0 

n 

~ 2 

n + 1 


oo 

m 

2 



1 

0 

x 

2 



Expansion of P„ m (/x), Q, ™ (/x) in powers of - 


+ \//t s — 1 # 

2’ 


28. In the formula 

n m l ora ,2_ 1 \im 

• 49rain(» + m)7r ^ j 


j-(I +>0+ , >-,o-) 




(l-2/x/i + A 3 )» +i 


. (40) 
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change from h to iv as independent variable in the integral, where h = — (1 — w ); 
we then have 


QJ 1 (/X) 


m—n)m 2 m II ( m _2 ) If (_2) 

47r sin (n + m)ir 


gm—n 

' f-2_ ! H 


•(OH , 1+, 0-, 1-) 




n (m-|) n (-i) 

47r sin (% + m) 7r 




hr (1—w) w+w ( l + 


u 

z z — l 


du 


• (*>-!)* 


,+i 


(/i B —1)*“ 2 (-l) r . 


, II (m+\+r) 


r= 0 


n (r) II (m-1) (s 2 -l) 


^-1)4 


(0+, l + ,0-,l-) 


(1 ~u) n+m du. 


On evaluating the definite integrals we find 




- (/rum 2 m 


n(-i)IT (n+m) z ni ~ l 
II (•//• +ij (v-l)"‘ +! ’ 


(p, 3 —l) i,B F (m+i —m+i n+ f, 


1 - 8 ? 


( 51 ). 


which gives an expression for Q w m (/x) in powers of ^ ~ , which is convergent 

2 v /x 2 — 1 

for the part of the plane over which this expression has its modulus less than unity. 
Using the formula 


p, w 00 = 

we find from (57) 


7 r cos /i7T 


(Q,™ (p.) sin (n + m) n — Q_»_r (/x) sin (n — m) tt}, 


p,r 00 

- ti? f ntVi ! ^ ^ *(*+*• -»+*• «+*. rb 

+ ,T7L w-irv («+*■ -"+4 -»+*■ 1 ' 


II (n— m) O 2 — l) m+i 


l-« s 


Now by the known formula for the transformation of a hypergeometric series 
whose fourth element is 1 — x, into a linear function of series whose fourth element 
is x, we find 

F (m + i, - m + 1 n + f, - 

II (jb - J) II (U + i) T71 / 1 1 111 

=rr - \rr/-x F On + i, — m + h i — n > 

I T (m _ mi \ TT ( on. nm\ \ A £ 6 


+ 


II (n - m) U (n + m) ^ v "" 1 2 ’ 
n (- n - |) II (ft + i) 1 


1 


n(m-i)n(-m-i) (1 -s 2 )" ! 


u+i (- fz^i) * *F (4 + I - m, n + I, ■ 
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and thence, after some reduction 


P„"(fO 


_ 2 * n (— fr) n (n + m) 
ir n (11 + 

+ 




gni—n 

p 1 -t p i (/t 9 -!) 4 " F (i+w, i-m, w+ - 


A-m+w+l 


. (58). 


^ _l_ j y 2 _^ 

This formula expresses P,® (ju.) in powers of i ’ 

29. Let /a = cos then remembering that P„® (cos 0) — e },i!iTl P„* (cos 0 + 0 . i), 
have 


we 


P„“ (cos 6) 


_ 2 «n(-i)n(»+m) . ... „ r «-<»+»•* 


n(»+i) 


e ,,!7rl sin® 


+ 


(2e inr sin 6) m+i 

#( w + a)^ 


jF(|+m, J- w, w+f,- 


2 gtir/ 2 S i n ^ 


Hence 
p * fco „ n\ _ 

* (C0S ^“ v / 7r no,+i) 


(2e™ /2 sin 0) w+l ^ (2 J T m i \ -~m 9 W+a? 2 e t7r /2 £ 


sin 0 


2 n(a + m)| cosfiTf 40- £ + 


/ 


(2 sin Of 


i -V a •37T , mTT 

2 / _j_ 1 3 ~ 4m® cos \ n + v ^ 4 + ” 2 ' j 


2.2 n+ 3 


(2 sin Of 


+ 


I -7-Tt /) 5?r , «f 

l 2 - 4m 2 . 3 s - 4m 2 cos V“ + 3 0 “ T + TT7 + • • • 


2b4.2?r + 3.2??, + 5 


(2 sin Of 


.(59); 


this series represents P/* (cos 6) for unrestricted values of n and m, provided it is con- 

^)7T 

vergent, which is the case when -- <6 < 


To find the corresponding expression for Q,“ (cos 0), we have from (57), 
Q„® (cos Ho.t) 

_ e mm 2 m fl (— i) n (n + m) & ( “ _ rt) lB sinj?)®^ ^ A , i m v i 2. 

e .2 . — . *<» + *).# /■§«*»•/* Sin 0V» + * 1 l 2 + ’ 8 ’ ' + 2) 


* (2e^ 2 sin 6) m 


2e Lir/2 sin 6 


mm n (- j) n (n + m) e J _ l 2 - 4m_ 2 « ^^ + ’ r/2) 

n(» + J) (2 sin 0)* [ 2.2?r + 3 2sin0 


+ 


l 2 -_4m?.3 2 - 4m 2 e ~ 2 ‘ {e + «*> 
2.4.2«. f 3.2?? + 5 2 sin 0 


Similarlv we find 


Q,® (cos 6 — 0 . t) = e BW ‘ 


n ( __$) n (n +ji) ef <»+»• + j *' 4 r 1 

II (?r -f H ‘ (2 sin 0) 1 [ 


l 3 - 4m 2 e t(8 + ,r/2) , | 

2.2u + 3 ‘ 2 sin 6 * ’ J 


thence using the relation 
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• (29) 


we 


Q« 


find 

■ (cos 0) = C0S (» + * 6 + I + ”f) 


(2 sin ey 


l 3 - 4m 3 
2.2 n + 3' 


, —; „ 37T , »«7T 

COS I 7l + §0+-^- + 


(2 sin 


+ 


12 _ 4^. 32 _ 4m- __ _________ 

2.4. 2n -f. 3.-f- 5 (2 sin <9)^ 


/——_ 5 ^ m7r \ j 

cos (n + 7 fl + T + - T J L ( 60 ), 


the convergency condition for this series is the same as for (59). 

It may be remarked that the series (57) is convergent if /x is a real positive quantity 

greater than unity, (= cosh t fi) provided \fi > 1 log 2 , or cosh t// > ; in that case 

we have 


Q „ m (cosh xjj) = e" m y/- 


where cosh i jj > 


1 — 


l 3 - 4m 3 


- II (n + m) 

" I ! (n -I- J) (2 sinh if)* [ ~ 2. 2n + 3 2 sinh xjr 

I s -4m*. 3* -4m 3 e~ 2 ‘'' 


+ , 


2.4.27?, 4 o . 2% -f5 (2 sinh 


( 61 ), 


V2 


The corresponding series for P,“ (cosh i/>) is not convergent. 

• • 77“ 07j- 

30. The series (59), (60) are convergent, provided 6 lies between^ and —; it will 


now however be shown that in case m and n are real, and n m — 1, J + wi are 
positive, a finite number of terms of the series will represent approximately the values 
of P„ m (cos 6), Q,“ (cos 0) when the restriction as to the value of 6 is removed. To 
prove this, it will be necessary to estimate the remainder after any number of terms 
in the series (57). 

It has been shown by Darboux* that if a? is a complex quantity, Maclaurin’s 
theorem takes the form 


f{x) —f( o) + xf (o) + Yi f" (°) + • • • + yr 




where 0' is a proper fraction, and X denotes some quanti ty whose modulus is not greater 
than unity. Applying this result to the expansion in Art. 28, by which (57) was 
obtained, we see that the remainder after r terms of the series for Q n m (cos 6 + 0 . i) is 


11 [ rn ~ 1) 11 (— V) e -(„ +iye-iS 

47r siu (m + n) tt 


•J 2 sin 6 ’ (z 1 ■ 

(0+, l+,0-, I-) 


1> 


■;.(-!)' 




-m—h+r 


(1 — u) u + m X (1 + - 


II (m 4- i 4 r) 

nO : )Tf(m - 4) 

6'u 


V 


du, 


* See Liouyillk/s ‘Journal/ Series III., yoI. 4 
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where X is a quantity whose modulus is less than unity ; suppose r so great that 
r — m + ^ is positive, the integral may then be replaced by 


4 sin ( m — | + r ) 7 r sin {n m) tt\ u m i+r (1 

j 


u) u+m \ (l + - 


6'u \~m~i 
■/- 1 


du 


where the integral is now taken along the real axis. We have now 

6'u cot 6 


6'u _ l6'u . e~‘® 

1 + # _ 1 — 1 ~ 2 sin 6 


6'u 

2 


the modulus of this expression is j^l — + ] 6’hd cot 2 0 J- , which is always greater 

I "I @ U\ 1,1 /> 1 , ,1 1 *|P11 I 1 I I 1 11 (1 


than ( 1 


, and therefore always greater than \; it follows that the modulus of 


1 + 


6 '-, 


s 3 - 1 


— 7 ) 1 — 1 - 


is always less than 2 m+i , hence also the modulus of X (1 + 


always less than 2 m+ *; put X (1 + 


6'U \-m-i 


6’u \-m-h . 


£ 3 - 1 


IS 


1 


— p (cos y + l sin y), where p, y are 


functions of u, and p < 2 mH for all values of u ; we have then 

fl / . Q’ u \-m-\ r 1 

J u~ m ~ i+r ( 1—w)* + “X(ld-^-—-j du — J u~ m ~ i+r ( 1— u) ,t+m p (cos y+i sin y) du, 


in this integral the real part and the coefficient of t in the imaginary part are each 

less than 2 m + i [ u~ m ~ i + r ( 1 — u) n+m du, hence the modulus of the expression is less 
1 ^ ° 

than 2® +1 j u~ m ~ i+r (l — u) ,l + m du. Now the r + 1 th term of the series (57) is 

obtained by putting 6' — 0, X = 1 in the expression for the remainder after r terms, 
it has thus been shown that the modulus of the remainder after r terms is less than 
2 m+ 1 times the modulus of the r + 1 th term, and this is true for all values of 6, 
not merely for those for which the series is convergent. The two quantities 
e~ mm Q,“ (cos 6 + 0 . i), e~ mn Q„** (cos 6 — 0 . i) are conjugate complex quantities, 
hence the remainders after r terms in the series for Q,® (cos 6-j-0 . i), Q,® (cos 6—0 . i) 
are of the form 


(X±iY) e mm 


n(-J) n (n+m) 
II (« + i) 


l 2 —4rn 3 . . . 2r —1| 3 —4 to 3 gTMfl+ir/2) 

(2 sin &f~ ( — 2.4...2r.2« + 3...2w + 2r+l (2 sin 6)'' ’ 


when X and Y are each less than 2® +i ; using (29) we now see that the remainder 
in the series (56) for Q/ 1 (cos 6), is of the form 




l 3 — 4m 3 .3 3 — 4m 3 ... (2?* — l) 3 — 4m 3 
2.4 ... 2?’. (2 n + 3) ... (2 n + 2r + 1) 


cos 


> 2r + 1 Q , 2c + 1 , mir 

n _|-- p q_ 77 + — — /3 


(2 sin 6) r+i 
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when /S denotes tan 1 — ; finally this remainder is numerically less than 

o<« + i / — T[ (n + m) l 2 — 4m 2 .3 2 — 4m 3 ... (2r + l) 2 — 4m 3 1 

" T V 71 ' n(»TT) 2.4. 2r . (2 n + 3)... (2n + 2 r + T) (2 sin 6f^ * 

it has thus been shown that for all real values of m and n such that n m — 1, 
m + \ are positive, the series (60) may be used to obtain an approximate value of 
Q„ m (cos 6) for all values of 6 between 0 and tt ; if the first r terms of the series are 
taken, the error is certainly less than 2 m+1 times what we get by writing unity for 
the cosine in the r + 1 th term, r being any number greater than m + -J. A particular 
case of this theorem, namely, that in which m = 0, and n is an integer, has already 
been obtained otherwise by Stieltjes.* 

It has been shown that ive mn P„“ (/x) = e imm Q/* (/x — 0 . i) — e~ imm Q,“ (p, + 0 . i), 
it therefore follows that the series (59) for ~P H "‘ (cos 6), may, under the same conditions 
as regards n, m, be used to obtain approximate values of P,“ (cos 6), the error being 
limited in the same manner as in the case of (60). 


Approximate Values of P„“ (/x), Q„ m (f) when n is a large veal quantity 

and /x is real. 

II In) 

31. It is well known that when n is a large integer, —is approximately 

1 n (n) 

equal to it follows from (59), (60) that the asymptotic values of + ( cos ^)> 


II(») 

II (n + m) 


Q n m (cos 0) for a large real integral value of n are given by 


JUf V„.(cose)=f- 


sin 6 


TH(n + m) 

H Q «(cos 6) — e'" wi J -- f 

H (n + m) % v ' V %i, si 


. ,—___ tt mir 

sin ( n + i 6 + — + — 


7r 

2 n sin 6 


cos (n + 4 0 + J + . 


(62). 


These expressions are generalizations of the known asymptotic values 

P. (oos B) = f sin (n+lB + f 
which was given by Laplace, and 

Q„ (cos B) = f COS (n+je + -f) 

given by Heine .t 

# 4 Annales de la Eaculte des Sciences de Toulouse,’ vol. 4, in a paper entitled “ Sur les Polynomes 
de Legendre.” 

t 4 Kugelfunctionen,’ vol. 1, p. 175. 
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To obtain a closer approximation for large values of n, we use the theorem 

n (n) = a/^to . e-»n» ( 1 + + . ..) 


we have 


n (n) 

n (n + J) 


\/n . e * . n" y 1 4- 

v^»TT •'6 _(,,+i) (» + £)« +i (1 + 


12?i + 6 


, approximately 


H ( X + 7) 1 e * • ( 1 + s) "• neglecting terms in ^ 


hence 


lo ^l 1 + i) 


'i _i 

2 n 8 ri 


l -L. _ 

9 ^ 8 n ’ 


(i + = 6 i ( 1 + i)’ approximately, 

n (») = 1J 1 _ i_Vi + JL\ = _L A _ A 

n(» + J) \/n\ 2n) \ ^8 n) \/n\ 8 n 


/hen terms in —r . . . are neglected. We thus find as an approximation to 


n (n) 

II (n + to) 


P*** (cos 0), by taking the first two terms in (59), 


A 3 \ 

1. / 

( 1 — 77*“ ) 

•i sin ( 

\ 8 n } 


sin ln + %d+ — +‘- 


Wl?r\ l 3 — 4m 3 1 


4 1 2 


4% 2 sin 0 


77* . 0711r 


cos n+|0+ —+ 7 


4 2 


n (^) 

II (tzt -f m) 


t7p.-(co«»)= V 


2 r/t 1 - 2 to 3 \ • (—rr n , ^ . m7r 

iwrsm# P--^ ““P + iO + T + T 


4 1 2 

cot 0 cos (w + i^ + -j + ! y) (63). 


Similarly we find 

ifFvC) Q ‘ < cos <>) = vh 


srtfl {(* - Hr") oos (" + P + I + T 


+ cot 6 sin {n + ^9 + — ) j • (64'). 


In (63), (64), n is large but not necessarily integral, and m is not necessarily integral. 
32. When /x is real and greater than unity, let it be denoted by cosh rjj; in Art. 
28, P„“ (/x) has been expressed in terms of two hypergeometric series, in both of 
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which the fourth element is ■ - — ; when z — e*, this expression for P. u m (jx) becomes 
approximately, when n is large, 

II (n A- m) II (n) sin (n +-m) tt e~~ n * A 1 — 4??^ 2 e~^ \ 

II (n) II (n + J) cos utt \J2e* sinli if \ 4n 2 sinh ^r) 

lip) _ n p - j) _/ 1 - 4 m* e~* \] 

' IT p — m) II p) \J2e* sinh ^ \ 4 n 2 sinh ^r/ J ? 


P/* (cosh xjj) = 


✓ 


7T 


except when n (supposed positive) is half an odd integer, the first term is very much 
less than the second, on account of the factor e ~ n *; hence 


II p — m) 

“nw 


P/* (cosh it) 


.1 

v / 7 rn 


1 - 


c n * 


1 


8 n \/l ~ <r 2 * 


1 + 


1 — 4m 3 


4% 




or. 


II p — m) 

II p) 


P n m (cosh xjj) 


\/ 7 rn v 7 1 


^ [. 
I ' 


6 m 

871 n 


2 - 


+ 


4 m 2 


An 


-2$ 


(65). 


The asymptotic value of — P„ 


(cosh i/;) is therefore 




II (7i.) '—“ r ' — vVtV _ 

except in the case in which n is equal to half an odd integer. 

IT (n) 

From (61) we see that the approximate value of Q»“ (cosh xjj), for large 


values of n is 


a/ n 



e -(n+l)xjj f 

l ... J 1 

12 _ 4m 2 e~ 2 ^ ] 

r- 

1 

oo! 
£ | 

VI - <r* L 

1 — 


or 


II (n ) 

II (n -j- m) 


Q,r (cosh xjj) 


/7r 6 - 0 +1 » f 1 

y v n * \/l —\ 8?z 


m 3 1 — 4m 2 
n An 


( 66 )-- 


/ 7T 

the asymptotic value is e ,im /y/ — . 

It may be remarked that the semi-convergent expressions for Bessel’s functions 
J m ( x ), Y m (x) may be obtained from the series (59), (60), by putting 0 = x/n and 
proceeding the limit n — co . 


Expressions for P n m (/x), as definite integrals taken along real paths. 
33 . In (50) change m into — m, we have then 


P,r m (u) = 


7 r sec m7r 


1 1 


2m ' 2“ ‘ IT (. — |) II (m—i) 


— (p 2 -- 1 )~ im ) h n ~ m (1 — 2p/x + Ti. 2 )™- 4 c Hi ; 

v) J- 


3 R 2 
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now suppose the real part of m+J i y positive, then provided the real part of /x is positive 
the figure is as in Art. 24 ; we may take the path of integration to be two straight lines 

on opposite sides of the straight line joining the points z, ~, and two indefinitely small 
circles round these points ; the integrals round these circles will vanish. If the real 
part of [i had been negative, so that the line joining z, were on the left of 0, the 

Z 

path of the integral (50) must have been placed so that 0 was on its left hand, 
and thus we could not have reduced the integral to integrals along the line joining 

z, —; it is therefore essential in what follows that the real part of /x be supposed to 

be positive. 

We have now 


r{z+, l/’z—) 


Ii"~ m (L — 2/x/j + A 2 )’" -5 dh — (e~ 


r 2 m -1 


)f"A*-"(l - -2jj.il + ld) m ~ i dh, 
J lb 


where the phases of 1 — hz, 1-— in the integral on the right-hand side, are 2tt — /3, 

Z 

and a respectively, we thus have 






2 m n(-i)n(m-i) 


r> 2 - l)" 4 'fV“"(i 
2 > J 1/2 


2 jih + dh. 


Let h — p, -f- (p 3 — 1)“ cos i/i, then 

ah =■ — \Zjjd 1 — i sin ip dtp 

1 — 2/x/i -(- W = — (p. 3 — 1) sin 3 xp = e +m (p. 3 — ]) sin 3 xp 

since the phase of 1 — 2pA -j- A 3 is a — /3 -j- 27r, which is 2\ -j- tt, and the phase of 
p 3 — 1 is 2X.; thus 

F -~*M = {*0* + AP-T oos#—sin-4. # • (67). 

Or, using equation (19), we have 
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P„" (p) “ 


2 

—e 


—Tilm 


7r 


sin m7r. Q,** (p) 


n (n + to) (p?_ - l)* m U 

n (« — m) 2® n (— j) n (to — i) j o 


(p + a/V^ ~ 1 cos x P) n ~ m sin 2 ™ \fi dift 


( 68 ). 


This relation holds for all values of n and m, subject to the conditions that the 
real parts of tov+ J, P are positive; the phase of p -|- v/p a •— 1 cos t/> is the same as 
that of p when \jj — r. 

In (68) change n into — to — 1, we then have, on using the relation (18), after 
some reduction 

P„" (p) — — e~ mm sin mir. Q* (p) 

_ n (n ± to) (p 2 - !)*’» r _ sin 2 ™ f_ _,. , , 

~ n (» - to) 2* n (- i) n (to - i) J 0 (p + vV- i cos^) 4i+ ™ +1 p 

34. From (68), (69) it is easy to find the corresponding formulse for the case in 
which the real part of p is negative ; in this case we have 


P„® (— p)-^ e mm sin mv. Q„ m (— p) 

TT (m _L p-Flttm Pit __ 

= ffOtVST) 2-ri(-i)n(«.=i) 1 )'* 1 (<*+vV ! - 1 «> s +)” «'■*#• 

The expression on the left-hand side is equal to 


e Tnm P,® (p) — — 8 ^ * Mn Q,® (p) _j_ e »■ s j n OT,7r.e ±rem ’ Q,® (p); 

hence 

2 

P," (p) — — <r ,,m sin nTr.e ±(n -'" l)m Q n m (p) 

= ii(%-to) 2 ™n(-i)n(TO-i) ^ 2— ^ j 0 v'V 2 ~ 1 cos ^ msir ‘ 2 “^ <! ^ ('°)» 


where the upper or lower sign is to be taken according as the imaginary part of p is 
positive or negative ; (70) corresponds to (68). 

In a similar manner we find, corresponding to (69), 


— gT2 nm pm ^) _|_ q g} n fflTT,e T(n+m)m Q,® (p) 

n^+ro) _1_/ 2_ 1 u* r____ d . 

n( to—to) 2»n(-|)n(m-J)^ ' J 0 (p+v / p i! -lcosfp + ® +1 ^ 


( 71 ), 
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where, as before, the upper or lower sign is taken according as the imaginary part of 
[x is positive or negative, 

35. When [x = cos d, and d lies between 0 and r, the expression on the left-hand 
side of (68) becomes, on putting /x = cos d -j- 0. i, 


t (cos 6) —■ — e mm sin mir . \ Q, ® (cos 6) — ~ , P,“ (cos 0) 


and on the right-hand side (/A — l)* m = e imm sin® 0, hence (68) becomes 


cos rm t . P,“ (cos 9) -sin mrr. Q„” (cos 0) 

7r 

j^j) {/jl -4- 7Yl) X fir 

= — y N a,7tt 7— ,, tt / -r; sin™ 0 (cos 0 -f t sin 0 cos \p) n ~ m sin 2 ™t b dxfi. 

n (n — m) 2**11 (- T?) n ( m — I) V YJ Y Y 


Again, on putting /x = cos 0 — 0. t, we find in a similar manner 
2 

cos tott . P,® (cos 0) — ~ sin mir . Q,“ (cos 9) 

XX (.Tb 1 ■ X * 7! " 

= ... - r y-yyy— y\ VF7 -H sin® 0 (cos 9 — l sin 9 cos WfV* - ®sin 2m x h dxb . (73). 

n O — to) 2*11 (— !~) IT (to — J) J 0 V r; r r \ / 

Again, putting /x = cos d + 0 . i in (55), we have 


cos nnr . P, * (cos 0) -- sin rmr. (cos 9) 

IX \ J 

_ XX (n 4- m) sin m 0 C” sin ~ m ? . 

— n(n - to) 2 »n(- i)ri(m - I) J 0 (/4 ± vV — 1 cos 1 ' ' 


Next let us consider the case in which d lies between 1 77 - and tt; we find from 
(70), by putting /x = cos d ± 0 . i, 

2 

_ p m ( cos d) {1 ± i sin nir. e ±nm } -sin m r. e ±( ”~“ ),r ‘ Q,® (cos d) 


II (ra + to) sin* 0 C n 

II (n — to) 2“H ( — -J) II (m — |) J o 


[ (cos d ± ‘ sin d cos sin 2 ® dy . (75), 


this corresponds to (72), (73) ; the phase of cos d ± sin d cos when ip = | 7 r, is 
+ 7r or — tt according as the upper or the lower signs are taken in the exponentials. 
Again, corresponding to (74), we find that when 0 lies between \tt and tt, 


e T(«+»)m _ py» ( cos d) -J- (, sin «7r} + — sin mr . e T(w+ ® ),r ‘ Q„“ (cos d) 


II (» + to) 


II (» — to) 2*11 (— -g-) II (to — J 0 (cos d + t sin 6 cos i|r) : 


-T- 

2) Jo ( C( 


sin 2w ^ 


ri # • (^), 
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where, as before, the phase of cos 6 ± i sin dcos xp is ± tt, when ip = ^7 t, according 
as the upper or lower signs are taken in the exponentials. 

36. In the important case in which m is a positive integer, we find, from (68) and 
(70), that 


II (n + m) fix 3 — l) iM 

n (n- m) 2*n(- J)n(m- 


i) 


(/x + \//x 3 — 1 cos xp)' 1 m sin 2 '" xp dxp 
0 


is equal to 

P,/“ (/'-)> or P«“ (p.) — e ±nnL sin mr . Q, “ (/x) . . . . (77), 


according as the real part of /x is positive or negative. 
From (69), (71), we find in this case 


p * („\ __ g o ± m ) m - o** _ 

' * v/ ; n (» - m) 2 * n (- |) n (™ - j) 


sin 2wt t/c 

(/<6 + \// i , 2 — 1 COS ^) w + ; ' i + 1 


dxjj , 


when the real part of [x is positive, and 


— e* 2 ®" P„“ (p-) + — sin nw . Q„“ (/x) 

7 r 

FI fii + m) fix 3 — 1) 4 “ U sin 3 ” 1 -^ .. 

~ n (n - m) 2“ n ( - i) n (m - i) J 0 (/X + cos ^)»+“ +1 


(78), 


when the real part of jx is negative, the upper or lower sign in the exponential being 
taken according as the imaginary part of [x is positive or negative. 

When [x = cos 0, we have in the case in which m is a positive integer, 


i? n m (oos0)-(-iy 


t IT (n + m) 


sin m 6 


XI (n —m) 2 m II (— |) II (in - 


— (cos 0 i i sin0 cos m sin 2 ® 1 xjj dxjj. (79), 

■£/ Jo 


when 6 may have any value between 0 and 7 r. 
Also 

-r^ / m II(ii + m) sin Ht 6 

P/* (cos ) — (-• ) n JJ-2»n( 

where 6 lies between 0 and and 


sm w 6 ( n 


sin 2w ^ 


(cos 6 1 + t sin 6 cos yfr) 


n + m + 1 ^9 


9 


e T U7U P/* (cos 0) (e T,m + i sin. nw) + — sin nir. Q u m (cos 0) 


(-1)’ 


, n (% + w) 


7T 

sin m 0 


II — m) 2 /M II (— |) IT ( 7 ?^ — J) J o (cos 0 + i sin 6 cos y}r) n 


sin 2m \fr 


. (80), 


where 0 lies between and 7r. 
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Remarks on Heine’s definition of P„ (g). 

37. Heine has proposed* to define the function P„ (g) for complex values of n and /x, 
by means of the expression 

P H (/*)=“[ (g + \/fi “ 1 C0S 

7T J 0 

It will appear from what we have shown in Arts. 33-36, that this definition is not a 
valid one, as the function given by the definite integral for values of p with a negative 
real part is not the analytical continuation of the function given by the same definite 
integral for values of g with a positive real part; it follows that P„ (g) can be defined 
by the above expression only for values of /x with a positive real part. 

The fact that the definite integral is of ambiguous meaning at the imaginary /x axis 
is clear if we attend to the phases of the integrand (g + fi — 1 cos or h ”; p being 
purely imaginary there is a value of xp between 0 and it for which li vanishes, and in 
passing through this value of ip the phase of the integrand changes by a finite amount. 

The h integral in Art. 33 is taken along a path joining z, - which has the point h— 0 

on the left hand side, thus for purely imaginary values of /x the path may be placed 


z 


f 

z 


as in the figure, with a semi-circular portion to avoid the point h — 0; we thus see 
that in the above definite integral there must be a sudden diminution of phase m r in 


the integrand as cos \jt passes through the value 


~ g 

vV - 1 


if this be taken into account 


the definite integral will represent the function P„ (/x) for purely imaginary values 
of /x ; there is however nothing in the definite integral itself which decides apart from 
convention what the change of phase in the integrand shall be as it passes through its 
zero value. 

Next suppose g to cross the imaginary axis, the h integral can then be taken from 


1 _ 

a 


to z along a loop round the point h = 0, and then along a straight line to the 


Kugelfunctionen.,’ Yol. 1 , p . 87 . 
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point h = z, but cannot be taken directly from — to z; it thus appears that the 
function P„ (fi) is no longer represented by the definite integral, but that the value 



of the definite integrals involves Q„ (/x) as well as P„ (/x); in fact, we have shown in 
(70) that in this case 

— f (/x + vV 2 — f cos 'P)' i — P» (/x) — — e ±Hm sin W7r. Q„ (/<-), 

7T Jo 7T 

where the upper or lower sign is to be taken in the exponential according as the 
imaginary part of /x is positive or negative. 

The only case in which Heine’s definition is valid for all values of g is when n is a 
real integer. 

Heine deduces from his definition that for unrestricted values of n, the function 
P it (p.) is represented when mod /x > I, by the series 


1 

2 n 


n ( 2 ti) 

II (n) II (n) 



n 

—-} 
2 



1 \ 
n, — 
/*I 


) 


this result, following from the incorrect definition, is erroneous, the correct expression 
being given by (23) and involving two hypergeometric series. 

It was to be expected d priori that as P„ (/x) was defined by means of an integral 
taken along a path containing the singular points y and + 1, but excluding — 1, the 
function so defined would not in general possess any kind of symmetry about the 
imaginary axis. 


Definite Integral Expressions for P*** (/x) when m is a Real Integer. 
38. When m is a real integer, the formula (4) for P/' (/x) becomes 

P.“M = ~ “ 1 )'<‘ - /.)—— 1 dt. 

3 s 
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Suppose the real part of /x to be positive, and the path of integration to he a circle 
with centre at the point /x, and of radius greater than mod (/x — 1) and less than 



mod,-(/x -f- 1). On this circle take a point C such that the angle between /xz and /xC 
is ijj, and let </> be the angular distance of any point of the circle from 0. If we put 
t = /x -}- [x? — l the point A represents, for different values of </>, points on a 

circle of centre /x and radius e™ mod (\//x 3 — 1); we must thus take u to be such 

that . 1 '' . 1 - - 1 — 1 1 - j/i + 1 


mod ( v / [j} — 1) > mod (/x — 1), and < mod (/x -f- 1), or u < \ log mod 
Take the circle commencing at C to be the path of integration; we have 

t 2 — 1 = 2a// x a — 1. ™ [/x + a//x 2 — 1 cos (</> — ± m)]. 


/x-1 ' 


Hence we have 


P»“ (// = 


1 11 (« | ill) 

2tt Jo 


r2rr ______ 

{/x + \//x 2 — 1 cos (<)> — xfi i lu)} u d(f), 

Jo 


or 


r27r . _ 

— 1 {fji + v H? ~~ 1 cos iw)}" (cos m<j) — i sin m<j>) d<$> 

27T J o 


p> w - ^,-mi (^Tiv.) 


n (% + m) 


On changing in into — m, and remembering that 


p vW = l/;/P.“W 


we have 


1 r2n 
2 tt , 


$ 27r _ _ __ 

{ja + vV — 1 cos (<£ — i/j ± m)}" (cos mcf) + i sin m<£) d<f> 
o 

= P." (to) 

we thus obtain the formulae 


n(w)_ +»« 

IT (« + to) 
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][ r 2 ?r ___ cos 

9 _ I {p + vV — 1 COS (fi — ifj ± ai)} n . m<f> 


-pi , x II (n) cos / f x 

P» (p) ——-— . m Nj^F m) 

v ' II (% + to sin ' r ' 


If we change n into — (n +1), we have 


{fjb + \/fjb* — 1 COS ((f) — yjr + ' 

= P,-W®^(-1 C%»T») . . 

x 7 II (w) x 7 sin XT 7 


. . (82). 


In these formulae w is unrestricted, m is a real integer, and u is any real positive 

quantity less than | log mod - + y , and the real part of p is positive. 

Formulae corresponding to (81), (82) have been given by Heine in the case in 
which n is a positive integer.* 

If in (81), (82) we put u — 0, \f/ = 0, we have 

££<,+=sfv») p *w- • • (*»> 


2tt J 0 (fi -f \/ fJ? — 1 cos (f>) n+l 


• • ( 84 )- 


Definite Integral Expressions for Q„ m (p). 

39. When the real parts of m + — m + 1 are both positive, the formula 

(54), for Q„ m (fi) reduces to 


Q," (ft) = . 2* 


n (» + m> n(- i) (f - 1) 1 ” r 1 

n (n - to) II (m - |) J 0 


Fjk-a _ B) „ 


V — 1 


on changing the independent variable to v, where u — ——- , we then have 

q„- <"> = e "‘ • 2 " • §££$ • 2 ”*‘ 


j x ( v ~ - l ) m * [ z + 7- + V (z - yjj " “ 1 do. 


* See ‘ Kugelfunctionen,’ vol. 1, p. 211. 

3 s 2 
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or, on putting v — cosli w, this becomes 


Q*“ (p) 




nfiL+i). ntJL -if. 

II (n — m) II (m — i) ' 

r°° _ 

{/X + v y 2 — 1 cosh Wl} —n—m-l 


sinh 2s 0c dw 


(85), 


where the real parts of n — m-\-l are positive. 

If m — 0, we have 

Q»0*)=f {p.+ v //?'"I coshw} -"-'dw .(86) 

J 0 

The particular case of (85), when m and n are real integers, is given by Heine. # 
When p has a real value less than unity, we have, on using (31), 


0 , (c08 e) _ J_ SO±A n<-« sb « e \ f" 

1:1 ,C0 ”> 2™ +l Win - mi IT (m - ■) Do 


sinli 2m w 


(cos 6 + t sin 6 cosli w) n * m * 1 
smh 2w * w 


div 


+i 


and from (30), 


o (cos 0 — i sin 6 cosli w) n+m+1 




P/ ! (cos 6) 


1 IT (n + m) n(--|) 


; __ 

2“ . nr n (n — m) n (m — |) 1J o 0 

-f 


skill 2 ™ w 


40. In the formula 

^ n (m - 1 ) 

Q,“ U) = e m \2 m . -=yy—yf- cos rrnr 

\ 2 / 


(cos 6 — l sin 0 cosh w) n+m+l 
sinh 2m w 
J o (cos 0 -f i sin 6 cosli w) n+m+1 


dw 
dw l . 


(ft s - 1 f m f* 

J 0 


; t »+» 


o (1 -2 ftA + A 3 )™+* 


I dh . (43), 


which holds, provided the real parts of n + m + J, | - m are positive ; put 
h — [i — pd — i cosh w, then when h — 0, we have w — w 0 = \ log e , and when 

h = -, w — 0, thus since 1 - 2 h/i + h 2 = (^—l) sinh 2 v, we have 

a 


Q / (p) 

2™ n -^~^ cos mrr. (u, 3 — l)"*” 1 vV’ — 1 cosh w) lt+m sihh~ 2m tc dw (87), 

n(-n Jo 


where « 0 = | log mod. 


^ + - and the real parts of n + m + 1, 

/X - 1 


| — to are positive. 


* See 4 ICugelfunctionen,’ vol. 1, p. 222, 
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If to = 0, we have 


f Wo __ 

(fi — \/— 1 cosh w) tt 

0 


div 


( 88 ). 


It is interesting to compare (87) with the formula obtained by changing to into 
— m, in (85), 


Q»“ 0 x ) 

_ g «m _ 2™ . cosTO7r. (/x 2 — l)“ lm [ {/x + \/p, 2 — 1 cosh u;) sinh~ 2, “w dit’ (89), 

Al( —27 h 


which holds under the same conditions as (87). 

In (87) change m into — m, we have then 

Q™ (p) 

__ e »« . 2“ (id—lf m f o °(/x - vV - 1 cosh w)*- M sinh 2 "0(; die (90), 

which holds when the real parts of n — to + 1, ^ to are positive. 

41. In the formula (9), change n into — n — 1, we then have 


(/x) — , • 


n (n) 


n + 1 


r(-i+, i-). 


where 


4 1 sin (n — in) tt ' II (n — m) ] 

X = - If" 1 (d - i)-»- 1 (t - fif- 


X dt, 


Place the path as in the figure; starting from A, a semicircle of centre p, is first 
described, then a straight line from E to oo, a semicircle of infinite radius, then a 
straight path from oo' to A, followed by a similar path taken negatively round the 
point + 1. 
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If the real part of n — m + I is positive, the integrals along the semicircles with 
/a as centre vanish when the radius is made indefinitely small. If the real part of 
n + m + 1 is positive, the integrals along the infinite semicircles vanish. We thus 
have, 


Q-*_r (d) 


n 0'> Orf 1 


4 1 sin (n — to) rr II (n — to) 


. 2 cos rmr 


[xdt 


-. 2 cos rnr 


!>}• 


where in the integrals X commences with the phase it has at A initially. The phase 
of t + 1 at A is — (27r — y). 

From equation (8), we have 


P«“(/*) = 


TT (m) r(/*+i i+> i-) 

W - ■ 2" +1 (t* - 1 (t - p)"-* 


47t sin (n — to) it II (n — m ) 
where the phase of t + 1 in the integrand is y at A, and thus 

— l)-*” 1 (t — p)"-® — r”" m X ; 


hence 


P M “ (/a) = - 


— <r 


rr<» , r^+.i+, 


47r sin (n — m) v II (n — to) 


2" h 


X dt. 



Taking the path as in the figure, we have, provided the real parts of n i m -f- 1 are 
positive, 


/*(#* + » 1 + , 1-) 


Xdt — 


f COt /-GO 

Xdt — Xdt + e-^’^ 

ix J /.c 

r 


f oo /. a/ 

Xcft- 

tx J IX 


Xdt 


■ e ~ 2mn . 2 1 sin (n—ra) tt\ Xdt. -f el" m)m . 2isin («—m)rr X dt, 

* ix * ix 
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therefore 


P,/"(/x) = ' fTv • 2" +1 { — 2t e“ w [ X dt + 2i. f X dt \ • 

4tt n (n— to) L V X J 

Substituting for (/a) its value in terms of Q,“ (ji), P„“ (/a) given by (18), 

we have 


Q„’“ (/a) sin (n + m) tt — tt cos htt . e mm P m m (/a) 

= 7- • . 2“ +1 12 cos OTirf X dt — 2 cos mri X dt 

4t n(«-m) ■ 1 X X 

On substituting the value of P,“ (/a) in this equation, we have 


Q,r (/a) = 2". fi¬ 


ll (n — m ) 


(/a 3 — l) 4m (£ 3 — l)-"- 1 (< — /a) ' 


which holds for all values of w and m, such that the real parts of n -p wi + 1, 
n — m + 1 are both positive. 

In this formula, when t is just greater than /a, the phase of t — 1 is the same 
as that of /a — 1 , but the phase of t + 1 is less by 2ir than that of /a + 1 , hence if 
we wish the phase of A 3 -—1 to be that of /a 3 — 1, the result must be multiplied 
by e 2nm ; again the phase of l — /a is that at A, and this is less by tt than the phase 
of \//a 3 — 1, hence, in order that the phase of t — /a may be that of \/ /a 2 — 1, we 
must multiply by ; the formula now becomes 

Q»”fr) = 2». e™‘ ~ g (/a 3 - l^fV - 


on substituting t — /a + \/ja 2 — 1 . e®, which gives us 77 -- -r = /a + vV 2 — 1 cosh it, 

i\t — fi) 

where At is a real quantity, we have 


Q ,r (/*) = e“ 


°(») 1 r - _ 

IT (n — in)’ s J —co (/a + v' /a 2 — 1 cosh m )’ 1+1 ’ 


Q»“ (u) 


cosh TOM 


II (m — to) J 0 (/a + \//a 2 — 1 cosh /a)» 


dw. . . . (91), 


where the real parts of n + m + 1 , n — m + 1 are positive. 

In (91), the phase of /a + \//a 3 — T cosh At is equal to that of /a + \//t a — l 
when -it = 0 . The formula (91) is a generalization of the formula given by Heine ;* 


* ‘ Kugelfirnctionen,’ vol. 1, p. 223. 
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his formula he proves, for the case in which m is a real integer, by a method of 
transformation which cannot be applied to obtain the more general result (91). 

42. In the formula 


e mnc Yl. (11 4- 111) fl 

q,r fi) = 2^1 n( r- - i) iw (i - t*y (p - t )-™- 1 dt . . (n), 


which holds, provided the real part of n -j- 1 is positive ; let 


t = p, — \/[j? — 1. e ,! , then 1 — = \/ja s — 1 . e“ (2 /a — 2\//a 3 — 1 cosh it}, 


hence 


Qf" (/*) 

e wjrt n (%+ ni). 

~ ’ ~U(n)~ 1 ^ 

or 


'•log* */£_ 1 

v #1+1 


^77i, 


cos h^} B (_ 


J iOge */M±i 

V fi-1 




71 + 771 + 

2 ' -0& + Ml+l)tt 


Qn”‘ (^) 


II (n + m) 
IT (n) 


s 


log, y/ ^ +1 


^ {/x — \//x- — 1 cosh t/,j"cosh mudu . (92). 


This formula holds for all values of n and m such that the real part of n + 1 is 
positive. 


The Evaluation of a certain Definite Integral. 

43. Suppose n and m are such that n — m is a real integer, and that they are 
otherwise unrestricted ; in this case the integral 


± _ t )im J L ( 4 » _ i y ( f _ 


dt 


taken round a closed path which includes the three singular points 1, — 1, /a will 
satisfy the fundamental equation (2), since the integrand attains its original value 
after description of the closed path. We shall take the path to be a circle with centre 
at the point /a ; if we put ^ = /a+v / /a 3 — 1. e'W-’M™, as in Art. 38, in this case we 

must have u > ^ log mod , and the integral becomes 

1 ft* __ 

■ I {/A + v> 3 - 1 cos U — xfj ± rn)}*e- m <+“+ ) ±m,t d<j>. 

47T J o 
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This integral has been evaluated in Art. 38, when u < | log mod ; we pro 


ceed to evaluate it in the present case u > ■| log mod 
definite integral by ~ I (n, m). 


fx + 1 
{* — 1 


fj, -1 

We shall denote the 



Denote by L, M, N the integrals of ( t 2 — 1)® (t — /x) * m 1 taken along loops 

from the point A, round the points — 1, 1, [x respectively, then 

(ix~—lf ra I ~ (t 2 — l) n (t — jx)- n - m - 1 dt— N + — Ne 2,m — M 

= (1 — e 2nm ) {N + Me- 4w, (l + e 2nm )} 

(/x 3 -i)*» j <_1+ ’ +1_) (f 3 - 1)» (« - /x)-"— 1 = (L - M)e- 2 ™‘. 

Also 

I (n, m) = N + Le -4 ” 1 + Me _2 ’ r ' , ‘, 

hence 

rfr+,i+,n-,1-) 1 

(1 — e >mi ) I (??, m) = (/x a — l) iiB i — {f — 1)® (£ — dt 

— (1 — e~ 2mi ) (/x® — l) im J' 1+ ’ * } (*» — 1)® (t — ix)~ n ~ m ~ l dt, 

or 


— e nm . 2i sin mr . I ( n , m) 


_ n(«) 


II (n + m) 

H(») 


. 47r sin ?'«r. e ,!,rt P/' (/a) 


II (n + »w) 


. 8 sin 2 mr. Q» m (/x), 


we thus have 


i r 2 * - 

si. f^+vV- 


1 cos (<£ — t/» db tw)}'" e- m ‘ < ' l ’-' ! ' )±mu dcj) 

Tr^rTmj { p -* W - sin "" Q -” <<*>} 

3 T 


(93), 


MDCCCXCVI.—A. 
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where n — m is a real integer, and u > log e mod 

Art. 11 that the expression in (93) is zero when n — 
When to and n are both integers 


——- . It has been shown in 

fi-1 

m is a negative integer. 


1 f2ir _ TT ( n \ 

— j q {/r + vV ! - 1 cos (<f> - 4, ± iu)Y ±mB defy = - ^-^yP„* (p) . (94), 


the right-hand side is zero when n and to are positive, and n < to, since in this case 

P*“ (p) = 0 . 

N ext change to into — to, in the formula (93), the expression on the right-hand side 
then becomes 


or 


n(») 


II (n + m) 


n(») 

II (n — m) 


P” (F) ~ ~ 


P n ~ m (p) —— e~ nni sin mr . Q„ * (p) 


' • Qn M (p) | ' 


n(») 


2 . 


II (n + m) 


sin niT . e <rt+2ra) m , Q„® (p), 


|| / ^ 

which reduces to . p *» U) since n + m is a real integer; we thus have the 

II (n + to) ' 

formula 

^ £ {p + yp T -A cos (<£ - dh w)}“ P ’“ (/*) ( 95 )> 

which holds for all values of to and n such that to + n is a real integer; when m and 
n are positive integers such that m > n, we have P,” (p) = 0, and the integral in 
(95) vanishes. 

44. In (93) change n into — n — 1, we have then 


r2ir 0—nu (<£-*#) ±mu 

2tt Jo {p + \/p 2 — 1 cos (<j> — yjr ± m)j n+1 


_ n (- n - 1 ) 
II (m — n — 1) 


P»"(p) + 


sin nv Q- n -i' 



where m — n is a real integer; now, suppose to and n are both real integers, it is 
then necessary to evaluate the undetermined form on the right-hand side ; to do this, 
suppose the modulus of p is greater than unity, and substitute the series in powers of 

— for the functions P„“ (p), Q-n-™ (p); the expression then becomes 
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i r_ 7rii (— % — i) _l_i_ 

II (to — n — 1) [II (to + n — 1) II (— m — n) 2' ,+1 cos«7r II (n + J) II (— |) 


( fj ?— I)*"/*-"-"- 1 


T ,/M + m + 2w + m + l , „ 1 

F -2-•-—> K + S ' If 


. Q« 11 ( ~ ” ~ 1 ) 11 < n ~ j) t,fi _ 1 Urn „n- m V ( m ~ ” + 1 1 

+ “ U(n-m) n(-i) (lX * *\ 2 ’ 2 ’ 2 


" n(»-m) n(- *) ^ \ 2 ’ 2 ’ 2 

7T n (n) n ( - n — -|) 7 v \ 2 ? 2 


J g Q 

A* 


The ratio of the coefficients of the last two terms can easily be shown to be — 1 ? 
thus the result reduces to 


_I_ E (-»-m + l) _ 1 / 3 _, \|* „ - 

IT(m—1) II (m + n— 1) 2 w+1 eos%7r II ( — |)II(^ + |)^ ^ 

j, fn + m + 2 n + m + 1 
l 2 > 2 

or to 

(-1) B+1 1 


’ n + S» 7) 


n (m — % — i) n (% 4* m) n (%) 


Q»"(#*). 


This result must hold whether mod \x is greater or less than unity; hence when 
m and n are real integers 

2tt Jo {/T+ \//* 2 - 1 cos (4> - f ± w)}^ 1 ^ = n (to - n - 1) II (m + to) H («) ^ 

when m > n, and is equal to zero when m < n. 

The case in which m and m n are negative would require special examination, 
but the result in that case may he deduced from (96); change ip, u into — t/», — u, and 
<p into 277 — cp, we thus find 


_L_ c _7,_ l O * 

27tJo {/I + \//j? — i cos (<p — i|r + m)} n+ i C II(to — n — 
when m > n, and is equal to zero when m<n 


— 1) II (n + m ) II (n) 


• (97). 


The results in (94), (96), (97) agree with those of Heine,* the more general formula 
(93), (95) are not given by him. 

45. Results such as those in Arts. 38, 43, 44, could he foreseen by a consideration 
of the fact that (z -f- ax + /%)" satisfies Laplace’s equation V 2 V = 0, provided a, ft 
are any constants such that a' 2 + ft 2 = — 1; this holds for complex values of n, and 
when x, y, z are not restricted to be real. Let a= — i cos (xp^fcu), f3= — i sin (xp^iu), 
then, since z — r/x, x — lt\/ y? — 1 cos <p, y — i r\/ p, 3 — 1 sin cp, we have 

* ‘ Kugelfunctionen,’ vol. 1, p. 211. 

3 T 2 
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(z + ax + /%)“ = r n fox + v'V' 2 — 1 cos ((f> — db ai)} n ; 

we should, therefore, expect that if {/a + V'V 2 — 1 cos (<f> — \p ± M )}” is expanded in 
cosines and sines of multiples of <f>, say E (u m cos m<f> + v m sin m<£), the coefficients 
u m v m would be linear functions of the functions P„ m (/a), Q„ m (/a). 

Let to =\/fx 2 — 1 we then find that 


fox +\//A a — 1 cos (</> — i/j ± «.«)}“ = (2 w) 11 (/a + w — 1)“ (/a -f w + 1)". 


If u < log mod , one of the expressions fox + w — 1)", (/a + w + 1)“ can 

be expanded in positive powers, and the other in negative powers of w ; if, however, 
u > log mod a/ Vl + l , both expressions can be expanded in positive powers, or both 

* jJL ~~~~ 1 

in negative powers, according to the sign taken in M. 


Case I.—u < log mod - 


+ 1 


/A - 1 


In this case all the powers of w in the expansion are of positive or negative 
integral degree, thus 

_ 00 

{fx + vV — 1 cos (<£ — \ft ± <-u)} n = tu m cos m<£ + v m sin m<j>, 

hi=0 


where m has all positive integral values. 
We have 

1 


except that 
also 


hence 




F2tt __ 

= — {/A + v//A 3 — 1 cos (<j — cos m<f> 

7T Jq 

= 2P„“ (/a) cos m (\ft T im), 

1 II (n + m) 


U 0 = P M (/a), 


r2n __ _ 

fox + \/fx r — I cos ((f) — fo ± iu)} n sin m<f> 
Jo 


-Lf" 

7rJ 0 


= 2P„ m (/a) sin m (fo qp rn), 

\rv jj ^ _j_ x r 7 


{/A + \/ AA 7 — 1 cos (<j& — rjj db lW )} H 

= P. ((») + 2 n (»Vm) 


by (81), 


P,® (/a) cos m (<£ — ± m) (98), 
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this formula which holds for all real and complex values of n is a generalization of a 
well-known formula, namely the case in which n is a positive integer, in which case 
the series is a finite one, since P, M (p) — 0, when m and n are positive integers such 
that m > n. 


Case II. 


u > log mod. /\J *— ■ j • 


In this case the expansion of {p + \/p 2 — lcos (<f> — xp — t-u} H in powers of w 
consists of powers whose indices differ from n by a real integer; thus 


(p + \/p 2 — 1 cos ((f) — xp — i u)} n = %u m e' 


,ni ((f)—xp — lu) t 


where m has the values n, n — 1, n — 2, . . . 

To determine u m , multiply both sides of the equation by g-®• then, since 

f 2rr 

^ __ Q, w j ieu , m> are c iiff eren -t; re al integers, we have 
1 _ _ 

u m == 2 tt j (p+ vp 2 - 1 cos ((p — xp — iu)} n 1 

IT (yi) f 2 1 

II (n + mj { Pl1 ^ tt ’ e nm S * n niT ' J > • • ^ (^3). 

We have thus obtained the expansion 

{p + \/p 2 —• 1 COS ((f) — xp — i u)} n 

~ S n^n + m) { P, “M ~ ~T e "’ m sin Wtt . Q„ TO (p)|e®‘. . (99), 

when m has the values n, n — 1, w —■ 2, . . . and the expansion holds for all real or 
complex values of n ; in the special case in which n is a positive integer, we have 

(p + A/p 3 — 1 cos (<p — Xp — m)Y = 2 - • • v P/‘ (p). e m . ■ (100). 

m=0 II 

When w is a negative integer, change it; into — n — 1 ; we thus find, on using the 
formula (97) 

{p + ■v/p 3 — 1 cos ((f) — xp — m)} - * -1 

r_iy*+i 1 

= n (n) * n(m-»-l)n(m + nj ^ 6 *” 1 * * ( 101 )’ 

where m has the values n + 1 , n + 2, + 3, . . . 
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Generalization o/Dirichlet’s and Mehler’s Expressions for P„ (cos 0) as a 

Definite Integral. 

46. It has been shown in Art. 33, that provided the real part of m + J is positive, 


1 n 

(g) = ¥l • ^ ^ ji ^ ^ dh > 


let /x = cos 0 + 0 . i, the line joining the points z, — on the /i-plane is perpendicular 



to the real axis, and the path of integration may be taken to be a circular arc with 
centre at the origin; let h = e+ then remembering that the phase of 1 — 2g,h + Id 
increases from '2tt — 0, at the lower limit to 2v + 6, at the upper one, we have 


(1 — 2gh + A 2 ) ra_ * = e 2ir(m 5)1 (2 cos <•/> — 2 cos 0) m 


hence 


P u ~ m (cos 6) — e hnm P„ (cos 0 + 0 . i) 

1 I~ l7r ( m ~i) 


2-H(-i)n(m-i) 


g g4R7Tt m 0 I) 1 


j e (» mM _ e (m 04 M COS <f) — 2 cos 0) OT ~ i . dfi, 

J -e 


P,~”‘ (cos 0) = -- -----— 2 -— sin “ 0 f —— ^ — d(j> . (102). 

' / 2“ n (— |) II (m — £) Jo (2 cos (j> — 2 cos 0p -m “ \ i 


From Art. 11 we find 


P„~"‘ (cos 0) = jj fa ^ | cos mrr • P#* ( cos 0) ■ —~ sin miT . Q+ (cos 0) j> 


I cos mir . P/‘ (cos 0) — — sin rmr . Q,/“ (cos 0) 
II + m) [ ' ' 7r ' / 


2 ffl n (— j) n (m - 


sin _w 0 . 


9 cos (n + |) (j) 
o (2 cos <f> — 2 cos 


. (103). 


hence 
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A particular case of (102), or (103) is Mehler’s form of one of Dirichlet’s 
expressions for P„ (cos 6), 


P« (cos 0) = — f 
-rr Jo 


cos (n + i) 4> 

2 (cos <f> — 2 cos 6) h ’ 


The formula (103) holds for all values of n and m, real or complex, provided the 
real part of m -f- i| is positive. When m is a real integer, we have for unrestricted 
values of n, 




2 sin - ”# 




cos (n -f |) <£ 


2 m U (— J) II (m — |) J o (2 cos <£ — 2 cos 0)*" 


;d<j> . (104). 


47. Next let us suppose the real parts of n — m + 1, and of m -j- g to be positive ; 
the path of the integral 


h n ~ m (1 — 2 [xh + Wy-idh 

1 1 * 



can be taken as in the figure to consist of two circular arcs of unit radius, two 
straight portions along the real axis, and a circle of indefinitely small radius 
round the point h = 0 ; under the above conditions as to m and n, the circle con¬ 
tributes nothing to the value of tbe integral. 

In the integral taken along the arc joining the points — and — 1, the phase 

Z 

of 1 — 2pA -f li % is 37 t — <f>, where h = e~^ ; in the integral, from — 1 to z, it is 
7T + <£, where h = e l * ; the two integrals together make up 

| M)»(_ te -4 ) — •*+(«-*) (2 COS 9 — 2 COS <£)* _i d<f>, 

or 

e 2 ir(m-hy [ 2t cos [(n -f i) <f> — (m + %) tt] (2 cos d — 2 cos <^)“ _i d<f>. 

Jo 

In the integrals from h = 1 to h = 0, the phase of 1 — 2pA + h 2 is 2n ; let 
h = e~ ,,r e _ ®, for the lower path, and h — e llT e~ v , for the upper path ; these portions of 
the integral give us 
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,co 

(»->»+!)«. g-(»+i)» g 2 "(m-t) — gCa-w+l)** g-(«+!)»_ g2m(M-i)j ^ COsh V + 2 COS 0) !M_i dv, 

J() 


or 


— e ( m ~i) 2m 2i sin (w —• m) 77 | 
we thus obtain the formula 


e -(% + £)*> 


o (2 cosh v + 2 cos 0)%~ 


dv 


P„ -w (cos 6) — ~ y >: — M { I cos m77. P„“ (cos 6) — - sin TO 77 . Q„* (cos 6) 
' ' 11 (n + to) ' 7 77 ' 


n (n + m) [ 

2 sin” m 0 


t,ii: 


2»n(-i)n(m 

+ cos {n + ^ — m) 77 1 


cos [(« + j) — (m + ^-) 77 ] 


(2 cos 0 — 2 cos <£)*' 

g—(% + ^) V 


d<p 


o (2 cosh v + 2 cos 0)*' 


(105), 


which holds provided the real parts of m + -|, n — wi-fl are positive. If n— m is 
a positive real integer this becomes 


—~~~ { cos riiTr . P H "‘ (cos 6) — - sin W77. Q-/ 1 (cos 0 
n (to + to) [ y ”■ 


77 

2 sin - ® 0 


2® II (-$) n (to - J) j„ (2 cos 0 - 2 cos 

When m and n are both positive integers, and n'tm, we obtain 


cos [(to + I) <t> — (to + I) 77 ] 


d(f> 


(106). 


no- m) 

n (n + m) 


P n m (cos 9) 


2 sin“™ 6 


- i) L (2 


sin (to + |) $ 


2 m n ( - J) n (m - i) J e (2 cos 0 - 2 cos <£)*' 


p;# • (107), 


which becomes, when m = 0, 


P* (cos 0) = ” J 


sin (to + j) <j> 

(2 cos 0 — 2 cos <£) : 


d<j) 


. . (108), 


which is the second expression given by Mehler for P M (cos 6). The formulae (105), 
(106), (107) are therefore generalizations of the known formula) of Mehler and 
Diriohlet. 

48. Next suppose the condition that the real part of n — in -j- 1 is positive does 
not necessarily hold, but that the real part of n 4- in is negative, and that of m + | 
is positive; we may replace part of the path of integration in the last Art. by 
straight paths from — 1 to — oo along the real axis, and a circle of infinite radius. 

From ~ to — 1, the phase of 1 — 2/A + Id is 77 — <£, where <f> is initially equal to 6; 

from — 1 to 0 , the phase of 1 — 2 yJi + A 2 is 377 + <f>, where is equal to 6 at the 
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point z. The part of the integral for P„ m (cos 8) which consists of integrations along 
the two finite circular axes is 


or 


1 [tr 

. ___ _ p-vim 0 f ^-(n-ni) i<f>+(m-%) (ir-<f>) i ( 

2- n(- |)n(m-1) S1 *J/ \ ie ) 

- e <.-*)* + <»- i K». + 0 l (2 cos 8 - 2 cos d(f> 

2 »n (- i)n (to - I ) sin “"' 9 L 2 cos C( TO + §) + (» + I) <£] (2 cos 8 - 2 cos <£)«-* d(f>. 


The part of the integral which is taken along the .circle of infinite radius is zero, 
and the part taken along the real axis is 


0'- m (ra—!) 


2* ’ n (- -|) n (m - i) 


sin - ”' 8 1 {e 


— a t (n — m + 1)+(r + |) v 


or 


_ eW (,_ M+ i )+( » + j ) , + ( M _ i) 4 r .j. ( 2 cos 0 + 2 cosh v) n ~*do 
2 ^]T (- 1 ) L ii( w -x) sin ~'" 9 f 0 2 e (M+ »” cos (n + { + m) tt (2 cos 0 + 2 cosh u) m-i 


dv. 


we thus obtain the formula 

P n ~ m (cos 8) = ^ + j | cos mrr . V n m (cos 8) — ~ sin mir . Q n m (cos 0)1 

~ 2*11 (- 1 )n (m-i)' s in» 0 {fo COS ^ + ^+ w + 2 7r ) ( 2 cos 8 — 2 cos<£) ,K-i d<f> 
+ e (n+i)v cos (« + i + m) 7 r. (2 cos 0 + 2 cosh v) m-i cfc| (109) 

which holds, provided the real part of n-\-m is negative, and that of m-\-\ is positive. 
When the real part of n is between 0 and — 1 , and the real part of m is between 
MDCCCXCVI.—A. 3 TJ 
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and — both the formulae (1Q9) and (105) hold, In the special case m — 0, we find 
by adding the two expressions in (105) and (109), 


P„(cos 6) 


2 

— cos 

77* 


( n + i) ir 

I 


cosh (n + J) v 
o (2 cos 0 + 2 cosh v )* 


civ 


( 110 ) 


when the real part of n is between 0 and — 1. 


A definite integral form for P„ (/x), when the real part of n is between 0 and — 1. 


49. Taking the formula 


p «(„) -L 2 m --^ (id — lfi® f 

±fi W — 2 m’ Z n(- |) ^ ’ J 


'(*+, 1/2-) 


h n+m 


(1 - 2/xh + W) m+i 


dh, 


we see that, provided m is half a real integer, and also \ — m is positive, the path 
may be replaced by one which consists of a single curve enclosing both the points 
1 



In the first figure the initial phases at A are 2 n — /3, for 1 hz , and (2tt «) 

7 h. 

for \ - -. In the second figure the phase of 1 — is zero at C, and that of 

z z 

1 — hz is 27 t at D. The formula becomes 


V n m (f) = 


1 2 „ n (m- |) 
2tt 6 n(-j) 


0* 3 - i) to f 


•<2+, 1/2+) 


fon+m 


(1 - 2/ih + h?)” +i 


- dh. 


Now suppose the real part of n — m is negative, and that of n + m + 1 is positive ; 
we may replace the path by one round a circle of infinite radius, straight paths along 
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the real axis, and a circle round the point 0 ; the circular paths contribute nothing 
to the value of the integral, and we have 


p m i..\ -o m M ( m |) 

™ n(-i) 


^^2 l^ m | — ^ g( n + Wt +1) trr ~ 2t.ir(m + 

J —00 

_ e -(#+m+i) W +M«+i)] e (*+l)»(2coshw + 2 nyn-tdu 


2“ +1 n(m-i) . 
' «• ‘ n(-i) ~ 


sin (n — m)7r . I cosh (n-\-\)u . (2 cosh u + 2f)~ m 1 du, 
Jo 


this holds for all values of p of which the real part is positive, provided m is half an 
integer, and is less than J, also provided the real part of n — m is negative and of 
n + m + 1 is positive; the only value of m which satisfies these conditions is 
m — 0 ; we thus obtain the formula 


P« (p) = 


2 

— cos 

77 



cosh (n + I ) u 
(2 cosh u + 2p)* 


du. 


(HI), 


which holds, provided the real part of n is between 0 and — 1, and that of p is 
positive. 


Definite Integral Expressions for P „ m (p), when p is real and greater than unity. 
50. In the formula 

= 2MT( _ |) 1 n (<w Z | ) e-‘'<—»(p» - A—(1 - 2 ph + Kf'^dh 

where the real part of m -f is positive ; when p is real and greater than unity, put 
p = cosh ip, then 2 = e*, ^ = e _l/ ', thus putting h = e*, we obtain the formula 

3 u 2 
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P n ~ m (cosh »//) 

_ ;i j sinh _ “ $^2 cosh (n + i) (j> (2 cosh \\> ~ 2 cosh d<f) . (L12) 

where the real part of m + is positive, and in particular 


(c OS h« = ;f i75 g 


cosli (n + i) $ 

r=:-y ■■■ i 

cosli yjr — 2 cosh </> 


(113). 



The path joining the points z, 1/z can be placed as in the figure, along the real axis 
from 1/z to — oo , except for a small semicircle round the point 0, then a semicircle 
of infinite radius, and lastly a straight path along the real axis from + cc to 2. If 
the real part of m lie3 between and — g-, and if the real part of n m + 1 is 
positive, and if n + m is negative, the straight portions of the path are the only ones 
which contribute anything to the value of the integral; in this way we find that 
under the conditions just specified. 


P„-"(coshi/>) = 2w n ^ n| OT Z|) {f^“2isinh (n+^-tmir) (2 cosh <£-2coshr/,f 1 


-}- f e (n+l)< ^ + (tt+i)wp (2 cosh cj> + 2 cosh x//) m * d<j> 
Jo 


In a similar manner, we can prove, by taking the semicircles below the real axis 
that under the same conditions, P~ m (cosh xjj) is given by the formula 


P„-*(cosh*) = ^ n( l n i)n ( t-T) { j” 2t sinh (n + | <t> + trmr) (2 cosh <j> - 2 cosh xjj) m + d<j> 


-j- j e (*+*> *-(»+*>«■ ^2 cosh + 2 cosh xf/) m 1 d$y 
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^. < + . ¥ 



Multiply the two formulae by e (, ‘ +i)l,r , e (,l+i) ", and subtract them, we then have the 
formula 


P,:"‘ (cosh xjj) 


sinh"'" 


2 »n(- j)n(m- j) 


poo 

—yr cosec (n -f I) IT (e <,i+i)Hr sinh (n + |-<£ + imir) 

2 7 •'dr ‘ 7 


+ e < n+5)l,r sinh (n + %<f> — imv)} (2 cosh <f) — 2 cosh (114), 


where the real part of » is between 0 and — 1 ; and the real part of m is between ± 
If m = 0, we have 


2 r 

P„ (cosh xjj) = -— cot (» + |-) 7r 

7T J d 


sinh (n + | ) <£ 

\/2 cosh <fi — 2 cosh ^ 


d<p 


• (115). 


Definite Integral Formulce for Q.,“ (cos 0), under Sjoecial Conditions. 


51. When the real parts of n + m + 1, i — m are positive, we have 

COS ITiTT ^tiri /'1/s 7 

Q„ m (cose+0.i)=C m .2 m U(m-^)U(-i)~^— . e* . sirUflj^ + • (43), 

take the path of integration to be from 0 to 1, along the real axis, then from 1 to - 

along an arc of a circle of unit radius with its centre at the origin ; along the straight 
path, 1 — 2/x/i + h 3 has the phase zero, and along the circular arc it has the same 
phase as h, hence, writing in the first part of the integral h = e~“ and in the second 
part h = e~ 


(cos 6 -f 0 . t.) 


e * mn . 2 ®. n (m 


1 \ -r-r / t \ COS 7H7T . ^ 

i) n (-|) -. sin* 6 


{i: 


e -(n + \)u 


(2 cosh u — 2 cos 0) 


,m+-§ 


du 



e t(f> 

0 (2 COS <£ — 2 COS 0) m+ i 
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Next take the path to be from 0 to — <x along the real axis, along a semicircle of 
infinite radius to -f co , from + 00 along the real axis to 1, and from 1 along a 

circular arc whose centre is the origin to the point —. If the real part of n — m is 
negative, the part of the integral taken along the infinite semicircle is zero; we have 



then, writing h = e ~ m . e“, in the first integral, h = e u , in the second integral, and 
h = in the third integral, 


Qn m (COS 0 + 0 . l) 


e imm . 2“. n (m — \) n (— -° - s -” t7r sin® 6 


-(w+tfi+l) trr _ 




e 


(n+i)u 


0 (2 cosh u - 2 cos $) m+i 


r 

d u ~ /to+fstv 

0 ^ V * 


(2 cosh u + 2 cos 0) w+ * 

—(« + {») wf> 


i du 


ce 


(2 cos <p — 2 cos 0) 


m+h 




If the real part of m lies betAveen ± and if the real parts of n + m + 1, m - n 
are positive, both the formulae we have found for Q n m (cos 6 + 0. t) hold. Multiply 
the first expression by e~ m *\ and the second by e mm , and then add; we find 


2 cos mrr . Q n m (cos 0 + 0 . i) 


= e hmi . 2 m . n (m — II (— -- s — . sin w 0 


| g—(»—*»+1 )mt 


2 cosh (n -f i) u 
|Jo (2 cosh u — 2 cos 6 ) 


2 cosh (n -f- J) ^ 
o (2 cosh w -f 2 cos 0) w+ * 


«»+j- 


du 


du 


} • (06), 


which holds, provided the real part of m lies between ± and those of n + m + 1, 
m — n are positive. 

If m — 0, we have 


Q« (cos 6 + 0 . t) = 


cosh (n + §■) n 
o (2 cosh u — 2 cosh 6f 


du + e‘ 


.(»+«*[ cosh(» + &)« 

J o (2 cosh u + 2 cos d) 1 


du (117), 


which holds provided the real part of n is between 0 and — 1, 

It is to be remembered that Q„ (cos 6 + 0 . i) = Q„ (cos 6) — -- P„ (cos 6). 

A 



OF UNRESTRICTED DEGREE, ORDER, AND ARGUMENT. 


519 


Formula for (cosh «/») under special conditions. 

52. When /x is real and greater than unity, let /x = cosh xjj. we then have, provided 
the real parts of n + m + 1, | — m are positive, 


Q„“ (cosh i p) = e mm . 2 m . II (m — |) II (— A) cos m 7r sinh'" xp f 

7T Ji 


l/« If a-17, 


Jo (1 — 2/uLh + k*) m+ 

Let h = e -,t , we have then, taking the path along the real axis, 

Q/ 8 (coshi/»)==e ttlm . 2 m . II (m —A) n (— 1) cos -— sinh m A f 

7r J v 


; dh. 


e -(n+l)u 

^ (2 cosh « — 2 cosh ^^ 


If we take the path to be from 0 to — co along the real axis, along an infinite 
semicircle from — oo to + 03 , along a straight path from co to —, avoiding the 




7 


OO 


point z by describing a small semicircle ; the integrals along the semicircles vanish 
provided the real part of n — m is negative, we then have 


Q/"- (cosh xp) = e mm .2 m .II(m—^)n( — J) sinh*i// -j | 


du 


J 




1) ITT . 


du — [ 


(2 cosh m— 2 cosh \jr) m+i J o “ r (2 cosh xp—2 cosh %)' 


0—(n+m+ 1) t7r # g(R+ J) u 

(2 cosh ^ + 2 cosh u) m+ * 

0-(n+h)u 

m+| 




}■ 


In a similar manner, by taking the semicircles above the real axis, we can show 
that 


J* e 


0^+1) u 


* e- (2m+l)l "(2 cosh 2 cosh xp) m+i 


sinh*i/(- 

f f°° ^(»+m+l)MT f (n+i)u 

1J - oo (2 cosh \jr + 2 cosh ^) w+ ^ 

du — j 


0 e~ (M+i> ,,r (2 cosh 4-2 cosh «) OT+ * 


du 


Multiplying the first expression by d' l+M+1>, ’ r , and the second by e _(m+ “ +1) ‘’ r , and 
subtracting, we then have 
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Q/‘ (cosh if/) sin (n + m) tt 

COS 7Y17T f f 

=e mm .2 m .Tl(m — |-)n( — 4) ——— sinh“i// jsin (n — m) tt j 

0 


e 


u 


$ (2 cosh u —2 cosh ^) m ~ H 


du 


e 




(2 cosh yjr — 2 cosh u) m+i 


du 


where the real part of m is less than i|, and the real parts of n m 1, m — n 
are positive. 

Put m — 0, we have then 


Q» (cosh t fj) — j 


g(n+i)u 


J $ (2 cosh u — 2 cosh yfr) 1 


— COt TLTT 


f 

j 0 


g — (n+¥) u 


(2 cosh — 2 cosh a)’ 


du, (119) 


where the real part of n lies between 0 and — 1. 


Expressions for Q,“ (cosh if/), when n — \ is a real integer. 
53. When n — \ is a real integer, the formula 

Q - U) - 2- n(m -- )II( -^ (*» - 1)- p °’ *"°“ ) ^ + ” 

^ {l ) ~ 4tt sin (»+ m) tt l/ ; J 


(1 - 2 fih + A*)"+* 


dh 


may be replaced by 


e 2mm _ 2* . n (m — |) II ( _|) ^y 2 _ j' 


0 +) 


jtft+m 


(1-2 M + ^ 3 )* +i 




the path may, as in the figure, consist of a circle of infinite radius, straight paths 
along the real axis from oo to 2, and a small circle round the point 2. 


"7 




7 


OO 


If the real parts of m—«, h—m are positive, the only effective parts of the integral 
are those along the real axis. The phase of 1 — 2 gh + hf at A is tt ; we thus find. 


Q/ (cosh if/) 


■= e‘ 


, 2 ?n 7 u 


2 .n( ! »-iini- i ) sinh . t) ,|j 


g(n+£)« 


du 


^ (2 cosh u — 2 cosh 

e {n~m)2rn' g(n+|)tt 


C 

. \1 


e (m+n)m * 2 l 8 { n ( m — 7l) IT 


I $ (2 cosh M — 2 cosh -vjr) m+ l 

2»n(m_i)n(-|-) . ,... . r e< n +» 


du 


sinh“ if/ 

J i 


$ (2 cosh u — 2 cosh \fr) m+ $ 


du, 
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or 


Q„ m (cosh xfi) 

cos TO7r2”‘ II (m 


i)n(-i) 


sinh 


'*[ 




t (2 cosh n — 2 cosh \p~) m+ i 


du 


( 120 ), 


where n — -g is a real integer, and the real parts of m — n, ^ — rn are positive. 

If m, = 0, we have 

f 00 U 

, (2To,h.-2^ ht)i A .< m >- 

where w — J is a negative real integer. 

For all values of m and n such that n — 1, is a real integer, the path may be 
taken to be a circle of radius unity with the origin as centre ; we obtain on 
putting h = e l +, since Id — 2pA + 1 = he m (2 cosh xfi — 2 cos tf>), 

Q »“(/*) 

or 

Qu m (/x) 


— _ 2 * n (m- i) n(- 1 ) . 


sinh* 


*7T 

— 7T 


<f>, i, 


7T 


g (m+J)w (2 cos h -,p- — 2 COS (p) m+i 

cos O + Jjjb 


I d(j>, 


J o (2 cosh — 2 COS <jp) m+ i 


d(j> (122). 


Recurrent Relations for Successive Values of n, m in P,“ (p), Q," (p). 


54. Denote the integral j —— 


fyn+m 


(1 _ 2p& + U TO )> the integral being taken 

along any closed path, that is, one in which after completion the integrand returns to 
its initial value. 

We find 


also 


dU (n, m) 

d/ji 

cl 


= (2m + 1) | 

fb — h 


fyi+m+l 


(1-2 pA + 7i 2 )“ + f 
2m 

dh (1 — 2 /j,h + W) m+i ~ (1 — 2p7i + W) m+i 

Hence 

■2m 


dh -- (2m -f 1) U (n, m + 1); 

P 2 - 1 


+ (2m -f 1) 


(1 - 2pA + h 2 ) m+ i 


^ ^ ^p J 1 1(1 - 2pA + A 3 )“ +i + 


p — 7i 


2p7i + A 2 )»‘+i 1 (1 - 2p7i + 7i 2 )* + * 

= -- 2mU (n + 1, m) — j"— - — -f - 


dh 


1(1 - 2fih + A 2 )“ +i + m + t) ,l> ‘ +m dh 

= — 2mU (n + 1, m) — (n + m + 1) {pIJ (», m) — U (n + 1, m)}, 

3 X 
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or, 

- l) = (71 - m + 1) U (n + 1 , to ) - (n + to + 1) ftU (n, to). 

CL}Jj 

Referring to the formulae (40), (50) for Q,/* (fx), P„ M (/x), we see that by choosing 
specified closed paths for the integration in U (n, w), each of the functions is of the 
form C m (/x 2 — 1 ) is *U (n, to); we thus obtain the formulae 


(/x 2 — 1) —^ — — (n — to + 1) P« +1 M (/x) — (w + 1) /xP*“ (/x) 

T ^ • 

(/x 3 — i) = (» — to -f-1) Q ii+ r (/x) — (» + i) f*Q«* 0) J 

Next let Y (n, to) = U (— n — 1, to), we have then by changing n into — 
in the relation which has been found above for U, 


(123). 


n — 1 


(fx 2 — 1) ~ ~~ ~ — (n + m)Y (n — 1, to) + Y (n, to) ; 


special cases of this relation are 

(/x 2 - 1) = nftP„» (ft) - (n + to) P„_ x » (ft) 

ClfX , 

(/X 3 - 1) } = n ftQ," (/x) - (» + to) Q,_ x - (/x) J 


(124), 


from (123), (124), we have at once 

(2n + 1) ftP,* (ft) - (» - to + 1) P. +1 * (ft) - (n + to) P_ x - (ft) = 0 1 12 ^ 

(2n + 1) f*Q»* (fx) — (» — to + 1) Q„ + 1 “ (ft) — (« + to) Q*_ x * (ft) = 0 j 7 


these recurrent relations between the functions for different values of n hold for 
general complex values of to and n. 

55. It has been remarked in Art. 1, that W, which is equivalent to CJ (n, to), satisfies 
the differential equation 


(1 — fx 2 ) — 2 (to + 1) /x dV ^ — + (n — to) (n + to + 1) U (n, to) = 0, 

now 

— = (2to + 1) U (n, to -f 1), ^ U ^ m) == (2m + 1) (2 to + 3) U (n, to + 2) 
thus 

(1 — fx 3 )(2TO 4- 1) (2to + 3)U (71, TO + 2) — 2 (to +1) (2to + 1) /x. U (n, to + 1) 

-|- (n — to) (77 + to + 1 ) XJ ( n , m) = 0 ; 
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referring to the formulae (40), (50), we see that, as special cases of this result, 


Pn m+2 (/x) + 2 (TO + 1) 
Qn m+2 (p) + 2 (TO + 1) 


(M 9 - 1) J 
t 

0* 2 - 1) 4 


Pn m+1 (/x) ~ (n — m) (n + m + 1) P n m (jx) — 0 
Q» w+1 (/x) — (n — m) (n + to + 1) Q,/* (/a) = 0 


H 126 ), 


j 


the formulae (125), (126), are well known for the case in which to and n are real 
integers. 

If p = cos 6, then introducing the modification of Art. 17 into the symbols P n m , Q«“, 
we have 


P/' +2 (cosd) — 2 (to + l)cot#.P,/" +1 (cos£?) + (n — m)(n -j- m + l)P/*(cos#) = 0 
Q/* +2 (cos$) — 2 (to+ l)cot0.Q,/" +1 (cos0)-)-(w — m)(n + m + l)Q B "*(cos^) = 0 


Wi27). 


Toroidal Functions. 

56. If A, B are points at the extremities of a diameter of a fixed circle, and the 
coordinates of any point P in a plane through AB perpendicular to the plane of the 

AP 

circle, are denoted by cr, 6, <j>, where or = log —, 6 — A APB, and <f> is the angle 

the plane APB makes with a fixed plane through the axis 0 z which bisects AB and 
is perpendicular to the plane of the circle, it is known* 



that the normal functions requisite for the solution of potential problems connected 
with the anchor ring are 

P„_i“ (cosh o-) C ° S n0 °. 0S m<f>, 

1 ' sm sm T 

Q„_A (cosh cr) C0S nO C ° S nuh. 

■ ' ' sm sm r 

* See C. Neumann’s ‘ Tbeorie der Elektricitats- imd Warnie-Yertheilung in einem Ringe,’ Halle, 1864. 
W. M. Hicks, “Toroidal Functions,” ‘Phil. Trans.,’ 1879. A. B. Basset, “ On Toroidal Functions,” 
‘American Journal of Mathemaiics,’vol. 15. W. D. Niven, “On the Ring Functions,” ‘Proc. Lond. 
Math,. Soc.,’ vol. 24. 


3x2 
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The functions P„,_j w (cosh cr), Q ? i (cosh cr), where m and n are positive integers, are 
consequently called toroidal functions. Various expressions for these functions may 
be found, as particular cases of the various definite integral expressions which have 
been given above for P,“ (/x), Q„“ (/x). 

We find from (113) 

2 f cr cosli ncf> 


A c 

P»_* (cosh cr) = — 

z 7T J( 


y /(2 cosh cr — 2 cosh <j>) 


Also from (81), (82), 


P w _i m (cosh cr) — • ' ~ ~ n " ^z ; T) 2 " f ( cos ^ cos <£)'* 5 cos ra< l > c ^4 > : 


■ (n — J) J o 

_ (~!)" . n (» -1) r 


From (68), (69) 

P„_j* * (cosh cr) 

_ II (n + rri — J,-) 


f ,r cos m<f> , 

o (cosh <r + sinh cr cos ' 


n (» — m — j) 2 »n (— |) n (m — |) k j 0 

_ n (n +m-ft _ 1 _ . , M r _ Bin 9 - 4> 

~ n (n - m - i) 2»n ( - i) n (m - i) J 0 (cosh <r 

Again from (92), we find 


sinti'V j (cosh cr+sinh cr cos (j))"' m * sin 2m (j> d(f>, 

Jo 

o (cosh <7 + sinh cr cos (j>) n+m+i 


Q«_i m (cosh cr) = (— l) m j logcotk 2 a _ s i n p or cosh cosh mw dw, 

and from (122), 


Q—(cosh o-) = (- !)•*. «-nc t)n( i) sinh , , j’ 


n<f> 


2 cos <jf>) 




d<f>. 


In the case in which the real part of n — m + -| is positive, we find from (90) 
and (91), 

Q*-* (cosh <r) 

= (— 1)* 2*. +7 - - Y J . ) JLL ZJ . ) sinh® erf 108 ' (cosh cr —sinh cr cosh sinh 2m w dw, 

v ‘ n (n—m— J) n(m — J) J 0 v 


= (-!)* 


:(«—m—!■) n(m—I) J 0 

II (» — J) f ” cosh mw 


__r_ r 

II (n — m — J, ) J o (cosh cr + sinh a cosh iv) n+i 
57. From (125), (126), we find, on writing n — ^ for n, the relations 


—? dw. 
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2to cosh cr. P M _j“(cosh cr) — (to — m + J) P«+j w (cosh cr) — (to + m — |) P„_| , "(cosh cr) — 0, 

with a similar relation for the Q functions, and 

P«_j® +3 (cosh cr) + 2 (m + 1) coth cr . P H _j“ +1 (cosh cr) 

— (to — m — I) (n + m + |) P«_| w (cosh cr) = 0, 

with a similar relation for the Q functions. Formulae similar to these have been 
employed by Hicks to calculate the functions successively. 

58. It is important to have series for P„_j** (cosh cr), Q m _j“ (cosh cr) in powers of 
e~' T , so that the values of the functions may be calculated approximately for consider¬ 
able values of cr. The required series for Q»_$“(cosh cr) is given at once by (35); we 
thus have 

Q #_j“ (cosh cr) 

= (— 1)“ 2 m - ~ 4 ^ - —— sinh’"' cr . e -(,1+ ” 1+i)tr F (m + to + m + i|, n + 1, e -2 "'), 


and in particular 


Q«->. (cosh cr) = 


n( ? - nn(-j) 


nw 


F (ii n + n + 1; e 2<r )- 


This is the expansion in powers of e~ a , of the elliptic integral to which 


dw 


I o \/ (cosh cr -f sinh cr cosh w) 


is reduced by means of the substitution cosh cr + sinh cr cosh w = cosec 2 6 . (f. 

The corresponding series for P M _i® (cosh cr) must be obtained from (36), which 
requires, however, in this case modification. We observe that in the formula 


P„* (cosh cr) 


± ?W ' )7r . ii'(- J- ) sin ^’ v e (,i+ '"' +1) * F (m+%, w+m+1, n+ f, e~ % °) 


cos nrr 

2* 


. (w+o n (—|) 
n(»- j) 


n ( W _ m ) n 2 ( - j) sinll ’ V • e(w F (m + 1, m - TO, i - TO, e~ 2<r ) 


when to—| is a positive integer p 0 ; the second series has after a finite number of 
terms, infinite coefficients, moreover the coefficient sec toct of the first series is infinite. 
The expression for P,“ (cosh cr), gives us, therefore, first a finite series 
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n(p 0 ) 


n (po + i - ») n (- *) 

+ 


- sinh'V . e^ +i " m)<r { 1 + 
2 ) I 


(i ± m) (Po + I “ m ) 


1 .p 0 


(| + m) (I + to) (p 0 - m 4- |) ( p 0 - m - |)^ 




I (i + to) • • • (I- + ”» + ffo - !) Oo - w + 2) ■ • • (" to + &) e _2 
which we shall denote by S 2 ; and second the undetermined form 


sin (p •+ | + m) 7 r II (p + |+m) 
cos {'[> +j) 7r n(i?+i)n(— 2 ) 


2 m . 'b'" 7 " • v, -,‘ A-rr, " sinh'V . e 0>+*+s)« r F (m+^j JP+f+Wb p + 2, e 2<r ) 


+ 2 " 


no) 


(| + m) ... (| + «H-po) (p-m + |) (p-ra+|-p 0 ) . 


n(ij+i-f»)n(-i) 


1 . 2 ... (p 0 + 1 ) .p <j>- 1 )... (i>-i> 0 ) 


sinh” 


cr 


e(2)+ j_ m _ 2ft) _ 2)<r f x + .y—V/H-J.-/V-I e _ 2ff+ 


^o+2.^-i?o-l 

where in the limit, p = jp 0 . 

The numerical coefficient of the second series is equal to 


2 “ . 


n(i>) 


n (p 0 + m + 1) n (p - to + i). n(j?-j7 0 - 1 ) 


n(jp + j-m)n(-i)* n(m-i) n(p) Ti(p 0 + i)’ 


which is equal to 

2 M II (p 0 + m + |) IT (p 0 — p + to — |) sin (p 0 — p + m + |) tt 

n (p 0 + I) ■ n (m - I) n (- Id ‘ n (p 0 - p) ’ sin (p 0 - p + l) tt 

Now the limiting value of the ratio 


sin ( p + | + m) 7r / s™ (Po — p + to + |) tt 
cos (p + |) 7r / sin (p 0 — P + 1) tt 


when jo = _p 0 , is easily seen to be — 1, thus the coefficients of the two series are equal 
and opposite infinities. 

Evaluating the indeterminate form according to the known rule, we obtain first an 
expression, which we shall denote by S 2 ; this is 


S* = 2” 


n (p 0 + m + I) 


ny 

L 


v- i) n (to - |) n ( Po + i) 


. sinh“cr . L 


P-Po 


Po sin ( p — p Q ) 


d_ 

,p=p °dp 


n(p 0 -p + 


¥) 


sin 


n (po - p) 

| + TO + Pq .p - p 0 


(p 0 — p + m + l) tt . e 


~(m+|) a+(p—2p 0 )cr 


1 + 


771 


Po + 2.p - Po - 1 


— 1 . e~ la + . . . 
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we also obtain the expression 

S 3 = — 2 m (— 1 ) p ° sinhV. j- { w r?~^ T\ sin ( p 0 + £ -f- to) tt 

3 v ’ cip 0 Ln(jj 0 + i)n(-j) Kro 2 ’ 

g-to+m+Do- F( m + b Po + 1 + m,p 0 + 2, e -2er ) |, 

since cos (p + |) v = — (— 1 ) Po (p — p Q ), in the limit. 

We have now, on the whole, picking out the terms in S 3 , S 3 , obtained by differen¬ 
tiating the exponential function 


( 1 ) 

( 2 ) 

( 8 ) 


The finite series S x , 


2-« . sin(m + *)<r. ^’ sinh m cr . e~( po+m+ ^ <T 

F (to + Po + h m + h Po + 2, e -2<r ), 
- 2 ”‘ _ j> cos <“ + « * • sinh m cr . e~ (Po+m+r)cr 

F (to + i TO + Po + f, Po + 2, e -2<r ), 
■ 2 m . II(Pq + m + |) . / lw fW(0) __ n'(m-i) __ W( Po + m+|) 

f n(-i)n(p 0 + i) ( +s) 1 n( 0 ) ii(m-j) n^ + m + i) 


i id' (j) 0 +1) i 
^ n (p°+i) j 


sinh™ cr . e &’» +m+ s) ,r F TO+p 0 -|- §, p 0 -{-2, e -2cr ), 


in the case of the ordinary ring functions (to integral), the first term vanishes on 
account of the factor cos (to -j- i) n - 


f x 2 m sin (m + A) tt . - 
(4) —pjTT—— - —sinh™ cr . e~ (7o+m+5,<r . 

* 2 °° n o (Po + m g + 1) n (to + s - I) 


i n( Fo + s + i) II (m - j) II (,’) 


*) 7 + ¥ + ••• + 


m + \ to f f 


J?o + to + f 


TO + S — \ 

1 

i?0 + TO + s + | 


_(_ —A - _L J_ 

Po + 2 7*0 + s + 1 


2«y<r 


Confining ourselves to the case in which m is integral, we can simplify the 
expression in (2); we have 

IF (Po + 1 ) 1 1, , 1 IT(0) 

n (p 0 +1 ) jp + i " t_ p * ’ * i " i i ~ n ( 0 ) 


_1, 1 , , 1 , n'(-j) 

n (m j) to j'm — | ~r • • • “r j ‘ n (— |) 

rr ( OT+Po + r) _ i _ i n '(- £) 

II (to + p 0 + 1) m + ^ + 1 -I- • • • ■+■ j -F H(_i) 
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hence 


IT (0) IT (vi - |) IT (y 0 + m + 1) IT(p 0 + 1 ) 


n( 0 ) n(m-j) n ( Po + m + %) ' u( Po + i) 

sn'(o) n'(-i) 


— 2 


M 


I n ( 0 ) n(-i) 

I + ... + — 


+ 

+ 


— + ... 4 — 1 ~~- 


/1 i \ 

* + ■•■+- 


i) 


i’o + m + 2/J 


Now use the known theorem II (cc — 1) n (cc — 4) = v/2rr . 2” . II (2se — 1 ) ; on 

taking logarithms and differentiating, and then putting x = |% we find 


IT(0) IF(-i) 


log e 4. 


ii( 0 ) n(--|) 

Taking (2), (3), and (4) together, we now have the expression 

(— 1 )” 2 ” +1 lo g ( 4c<7 ) ’ • e~ (i,0+m+4> g F (m + j? 0 +m + j? 0 + 2 » e ~ 2<r ) 


+ (— 1)* 2*. 


sink™ 


O' . 0 


,~“(po+ rrt +|)cr .S=oo 






4” u 8 + v t 


m+s-% 


i ) 


where 


and 


n(^ 0 + to + s + |)n (m + 5-1-) 

™ — 


-2scr 


11 1 
denotes the series — + + ■ • • + — 


v r+i denotes the series ~~ + ~~ + . . . + — 


On changing p n into n — 1, we now have the complete expression for the ring 
function P ); _ 4 w (cosh cr), (m integral), 


(cosh cr) 

_2“II (n — 1) 


n (n - m - 1) n (- I) 


sinh® 


cr. € 


-(#—/»—£) cr 


1 4 . (I + m) {n - jr - m) g _ 2cr 

? 1 . 71 — 1 


+ • • • 


(I + to). . . (| + m + n - 2) («. - to - j) . . . (- to + §) g((| -i><r" 

1.2...7?, — l.w — l.ra — 2...1 

+ (— i)** 2 ,w+3L . —-y log (4e a ) sinh* cr. e"^+ w+i)<r F(m + n + -J, m +n+ 1, e~ 2<7 ) 

/ s s ~°° ‘ v 

+ (— l) m 2 m . ? } 0 (“*+« + ~ v m+n+s - j) 

n_(m_+ w + .S - 0 It (to + _« -J) 

11(0 6 ' 
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P«_j (cosh cr) 

n(»-i) 




■: e 


-(n-i)or 


1 4. e~ 2,T 4- 4- _l)(^ DO 1 .-~2(«~i)<r 


l.n — 1 


+ ri(” n (- i> lo g< 4e ~) F (» + i i. » + i, O 


, 1 . 
+ — e 
7 r 


(« + -£) cr ^ 

0 


oo 

2 (rt M+s + —■ v s _ p 


n(s) • 


This particular case has been obtained by other methods by Basset, and by W. I). 
Niven. 

The case in which m is fractional has really been included in the above investiga¬ 
tion ; the simplification of the coefficients in the expression (2) does not apply to the 
genei'al case. 


Mehler’s Functions for the Cone. 


59. The normal potential functions for problems in which the boundaries are 
coaxal circular cones # are spherical harmonics of complex degree — | 'pi ; it is 
therefore desirable to consider the forms which the functions P H (cos 0), Q,, (cos 0) 
take when n is of this form; P_ i+J)1 (cos 0) will be denoted by K p (cos 0). 

We find from (103), (110), (ill), 


K, (cos 9 ) = A f 

7T Jo 


cosh pu 


C2 


cos u 


du, 


,_2_ 

7T 


cosh fJTT 

Jo 


2 cos 6 
cos pv 


y/2 cosh v + 2 cos 6 


dv 


these formulae have been proved by other methods by Mehler and by Heine. t 
From (103), we obtain the new formula 


K/‘ (cos 6) — (— 1)’" 


2 II (n + m ) 

2“ n (— I) n (m - S) ufC- m) 


sin m 6 


cosh pu 


0 (2 cos u — 2 cos Of 


where m is any positive quantity. 

From the above formulae, we see that P_i +pt (cos 6) — P_j_ pt (cos 0). 
From (117), we have, 


* See Mehler’s paper in Crei.le’s ‘Journal,’ vol. 68. 
t See ‘ Kugelfunctionen,’ vol. 2, p. 221. 
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Q-j +1 h ( c °s 0) — y P_ i+J » (cos 9) = Q_ 4+1H (cos 9 + 0 . i) 

f°° cos pu 7 , f x cos pit, 7 

= — 7 ^-— : A du — ie +i -- 7 -—^—- du , 

Jo v 2 coshit — 2 cosp J 0 v 2 cosh % + 2 cos w 


hence, changing p into — p, and adding the two equations, we find 


Q_ i+3 » (cos 0) + Q_ W)l (cos 0) — ITT P_ i+pi (cos <9) 

= 2 [ - V y^ -y du — 2t cosh p7T f ~y 
J o v 2 cosh ^ — 2 cos 0 J n \/ i 


cos 'pu 


hence 


“ sh ^ SQ- h „ (cos 9) + <^,_„(cos «)} = 


7r 


7T Jo 


J o \/2 cosh w 4- 2 cos 0 
cos 'pib 


du, 


J o \/2 cosh n — 2 cos 0 


— (— cos 6). 


Thus we can use K^cos 0), K p (— cos 0), as the two independent functions. 

It thus appears that the expressions given by Mehler and Heine for K p (cos 9), 
K ? , (— cos 0), are particular cases of the general formulae we have obtained above. 


Potential Functions for the Bowl. 


60. It has been shown by Mehler that for potential problems in which the 
boundaries are spherical bowls with a common circular rim, the functions K p (f) can 
be used, /x being in this case real and greater than unity, say /x = cosh ip. 

We find from (Ill), that 


2 f 00 

P_ i+3)t (cosh ip) = K p (cosh »/») = - cosh pm j ^ 


cos pu 


2 cosh u 2 cosh 


du, 


and from (113), we find 


2 ct 

K p (cosh xfj) = - - 

7T Jo 


cospv 


also from (115), 


f 2 cosh yjr — 2 cosh ® 


d-y, 


2 r 

K f , (cosh ip) = ~ coth pm J —y 


siiijjto 


cosh w — 2 cosh ^ 


cfoo, 


these formulae are all proved by Heine* by other methods. 
From ( 112 ) we have 


K p m (cosh i p) — 


II (n + to) 
2“ IT (— |) II (to — |) IT (n — to) 


2 (— 1 )» 


sinh * i/i j 


cos pu 


o (2 cosh yp- — 2 cosh uf 


-du 


* See 1 Kugelfunctionen,’ vol. 2, p. 220. 
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From (118), we have 

f * e~P M 

Hence 

Q_ lt , (cosh *) + Q-*-' (cosh « = 2 du, 

hence defining K? (— cosh xji) by means of the formula 

K t> (— cosh 1 1>) = — cosh pn f ^=== ^^ == . du, 

' ' 7r Jo v2coshw— 2 cosh \jr 

we have 

cos 

(Q-i+p t ( cosh V») + Q-}_ pi (cosh i/r)} = K^( — ccsh V»). 

11 thus appears that the known expressions for these functions are immediately 
derivable from the general formula} obtained in the present memoir. 


3 Y 2 





